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ON THE MEAN VALUE OF A SUM ANALOGOUS TO
CHARACTER SUMS OVER SHORT INTERVALS
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Abstract. The main purpose of this paper is to study the mean value properties of a sum
analogous to character sums over short intervals by using the mean value theorems for the
Dirichlet L-functions, and to give some interesting asymptotic formulae.
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1. INTRODUCTION

Let ¢ > 3 be an integer, and x a Dirichlet character modulo ¢q. Over the past
several decades, many authors investigated various arithmetical properties of the

character sums
N+H

> xa).

a=N+1
Pélya [1] and Vinogradov [2] studied the character sums when the modulus ¢ is equal
to a prime p and obtained the following inequality

> x(a)

where ¢ is a constant. Actually, one can establish the above inequality with the

< ¢y/plup,

constant ¢ = 1. If x is a primitive character modulo ¢, A.V.Sokolovskif [3] proved

the existence of N with
8lng 1
>4 /11— -—— -/,
\/ RRENG, Va
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N<n<N+[g/2]
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where [y] denotes the greatest integer which less than or equal to y. For general non-
principal character, D. A. Burgess [4] obtained the mean value estimate of character

k| h
Z Zx(n+m)

where h is any positive integer. Xu Zhefeng and Zhang Wenpeng [5] gave the 2k-th

sums

2
<k-h,

power mean of the character sums over the interval [1, %q)

% 2k o\ 2k—2 2k—1
O DR N | ((E

x(—1)=1"a<q/a pla P

1— C«k—l
H (1 _ p22k2> +0(¢").

pf2q

In this paper, we study the even power mean of analogous character sums over
the short intervals

5

x mod q

2k

and Z .

x mod q

> (=1)*x(a)

a<q/2

> (=1)*x(a)

a<q/4

First we transform the sum to L-functions. Then using the mean value theorems
for Dirichlet L-functions, we study the mean value properties of the sums over short
intervals, and obtain a sharper asymptotic formula for them. That is, we shall prove
the following;:

Theorem 1. Let g > 8 be an odd integer. Then we have the following asymptotic

formulae:
. 2k
S (=1)%(a)
xmodq 'a<q/2
x(=1)=1
J k 2k—2 1\ 2k—1 1—Ck 1t
I (P (1 1 (1 L o,
plg pt2q
and
. 2k
S 1D (=1)(a)
x mod q a<%
x(—1)=1
J(a)d* 2k—2 1y 2k—1 11—kt .
SO0 R)T () ro.

plg pf2q
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where Y. denotes the summation over all primitive characters modulo q such
x(—1)=

that x(—1) = 1, e is any fixed positive number, J(q) denotes the number of all

primitive characters modulo ¢, [| denotes the product over all prime divisors p of q

plq
and C7, = m!/nl(m — n)\.

Theorem 2. Let g > 8 be an odd integer. Then we have the two asymptotic

formulae:
4
* 3J(q)q? p? —1)3
S Y o] = HOC T A 0 @),
xmodq 'a<gq/2 plg
x(=1)=-1
and
* 4 15J (p> —1)3
> Y o) - H =
x mod q a<q/4 p
x(—1)=-1
3v2J(q)¢? ( 2 41
BB (gt o2
) H p2—1 H (p +1)2 H
pta ptq plg
p=1,7(mod 8) p=3,5(mod 8)
J(q)q? 2 p?—1 142
Ty I ( —1) I p2+1H(1_]¥)
pla ptq plg
p=1,7(mod 8) p=3,5(mod 8)
J(q)q? 2 p? —1\3 142 .
=0 I () I () T0-5) +ow.
ptq plq plg
p=1,7(mod 8) p=3,5(mod 8)

Taking £ = 2 in Theorem 1 and noting that

[M0-5) T+ 35) ~T0+ )T 0-5) T

p

plg pf2g P plq
_4C@2) P 1P
5 6(4) H pi(p? +1)

and ) ) *
Yoo= > o+ )
xmodq x(—1)=1 x(-1)=-1

we may immediately get
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Corollary 1. Let ¢ > 8 be an odd integer. Then we have the following asymp-
totic formulas

4
* — 1
—1)@ _ 2 p O 24¢€
DRI i TGy -0 )
xmodq 'a<q/2
and
. 4 21.] (p* —1)3
—1)@
> S| - H .
xmodq'a<¥
~ 3vV2J(9)¢” H (1 2 ) H pt+1 Hl B i)2
8 p* -1 (p* +1) p?
plq ptq plg
p=1,7(mod 8) p=3,5(mod 8)
J(9)g° 2 p?—1 12
1+ 57 ) (1-3)
+ 4 g ( * p2—1 g p2+1 g p2
p=1,7(mod 8) p=3,5(mod 8)
J(9)g 2 p2—1)3 ( 12 2
1 —) ).,
+ 8 H ( p2—1) H <p2—|—1 H p? +0(¢)
plq pta plq
p=1,7(mod 8) p=3,5(mod 8)

2. SOME LEMMAS
To prove the theorem, we need the following lemmas.

Lemma 1. Let x be a primitive Dirichlet character modulo q with q > 3, then
for any real number X € [0,1] with X\ # r/q, we have

7(x) i X(n) sin(2mnA) iFy(—1) = 1;
Y. xn)= C o noo -
0<n<Aq Ti(X) <L Z COS Ll >, if x(—=1) = —1,

q .
where 7(x) = Y. x(a)e(a/q) is the Gauss sum, e(y) = ™Y, and L(s, x) denotes the

a=1
Dirichlet L-function corresponding to .

Proof. See Section 3.1 of [6]. O
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Lemma 2. Let ¢ > 8 be an odd integer and x a primitive Dirichlet character

modulo q. Then we have

la/2]
1) > xla) =0, if x(-1) =1,
a=1
lq/2] _
@ Y= 0, ey =1,
[q;4] r(x)
(3) Y x@) = "XL(Lxx),  ifx(-1) =1,
& 2+ X(2) - X(4)
(@) Y xl@) = =L ), (D) = L
a=1
& O] P C) PPN G .
) Xxle) == 5 HL o) + L)), ()
and
[¢] _ _
() 4+ x4) —x(8) 1
©) Yoxlo) = [ L0 -

L(1xxs,)|, ifx(=1) =1,

where x4 is the primitive Dirichlet character modulo 4, and xs, and xs, are the two

primitive Dirichlet characters modulo 8 with xs,(3) = 1 and xs,(3) = —1 respec-

tively.

Proof. We only prove formula (5), the others can be obtained in the same way.

Since ¢ is an odd number, it is easily seen that r/q # %, and from Lemma 1 we can

have

(n)sin($7n)

Iy

~

%,
—

™
=
8
Il
\]
NI
1[M]8
>

n

) T ‘. >\ X(2n)sin(3mn) o= X(2n — 1 ) sin(+
- (nX)<n§=:1X( +nz=:x 2n—41
_ 700 (X(2) o~ Xxa . 2(n)x2(n)(~1)l=1/4]
R ( 2 zz: +n§::1 \/_n )

This proves formula (5). Similarly we can deduce the other formulas.
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Lemma 3. Let g and r be integers with ¢ > 2 and (r,q) = 1, and x a Dirichlet
character modulo q. Then we have the identities

S = Y n(d)e@

x mod g d|(gq,r—1)
and

q) = Zu(d)w(%),

dlq

where >." denotes the summation over all primitive characters modulo ¢, and
x mod q
J(q) denotes the number of all primitive characters modulo q.

Proof. See Lemma 4 in the reference [7]. O

Lemma 4. Let ¢ be any integer with ¢ > 2, let 7,:(n) denote the k-th divisor
function (i.e., the number of solutions of the equation nins...n, = n in positive
integers ni,na,...,ni) and let 7(n) be the divisor function. Then we have the
identity

o) _ k-1
R I [ R | (=
q:l: plg p ptq p

where ((s) is the Riemann zeta function.

Proof. See Lemma 3 in the reference [8]. O

Lemma 5. Let q > 8 be an odd integer, x be a Dirichlet character modulo q,
X4 be the primitive character modulo 4, xg, and xs, be the two primitive characters
modulo 8. Then we have the identities

Z |L(1a>_<X4)|2k

x(—1)=1
_ _ k=1
=) IO T (1) o
plg p pf2q p
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Z |L(1aXX81)|2k

x(=1)=1

72\ 2k—1 1\ 2k—1 1-C5! 6
C(E) IO B IO o
plg pf2q
* B 5ntJ(q) (p? —1)3
> L= [ + o),
X(-D=—1 Sl A
* N L AC)R S S (i O .
x(—1)=-1 plg
* m B 3m +5)ttJ(q p? —1)3 .
> e = SR T o),
x(—1)=-1 plg

and

* 4 (Bm+5)ntJ 2 _1)3 .
X(zl):_lx(zm)lL(l,XH _ @+ 97 o) H p(in +>1) + 0,

where >.° denotes the summation over all primitive characters modulo ¢, and
x mod q
J(q) denotes the number of all primitive characters modulo q.

Proof. Using the method from the proof of Lemma 5 in the reference [5], we

can deduce the results. O

Lemma 6. Let g > 8 be any odd integer, and x the Dirichlet character modulo
q, m = 0. Then we have the following asymptotic formulae:

S @MLAL )L X)L, xxs,)
x(=1)=-1

79 D2 ) S s, (1) + O(d")

tin
T X@MLAL )L )L, Yxs,)

x(—1)=-1

= 2{5?1 ;/N_QT (n) > xs,(t) +O(q°),

t|27”n

Z* X(2m)L2(17)2)L2(1aXX82) _ 2{53_)1 Z/T(Zmn)ff; (’I’L)T(TL) + O(qE)’
x(—=1)=-1 n=1
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S XML DPILE, txs)

x(=1)=-1
2m+12 n’ Z Xs, (¢ szz ) +0(q
t|12mn tln
Z X(2m)L2(17X)L2(1ﬂ>_(X82)
x(—1)=-1
J(g) ~'7(n)xs, (2™)7(2™n) .
= ST D > +0(¢°),

S RE@MLAL L X)L xxs.)

x(—1)=-1
= DS 0 n) Y weat) + Ola)
n=1 t|2mn
S R@MLAL X)L L Xxs,)
x(=1)=-1
2m+1 Z “Ir(2™n) ZX82 ) +0(q
tin
3 RE@MLL X)L xxs) L1, xs,)
x(=1)=-1
= D S i ) Y s () +0()
n=1 t|2mn
3 AP0 ) - I
S @M OPILL )
x(—1)=-1
2m+1 Zn D X)X () + 0l
t|]2mn tin
Z* X(2™) L2 (1, x)L*(1, Xxs,) 2m+1 Z ng n)7(n) + O(q°),
x(—1)=-1 n=1
3T X@™)LL DL Xxs) LA (L xxs,)
x(=1)=-1
_ ‘](q) i, —2 t O
T ogm+l :1n XSz(n)T(n) tl;n: X82( )+ (q )
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Z X(zm)L(laX)L(17XX82)L2(17XX82)
x(=1)=-1

= 2'],,53)1 072, (27 )T(2™0) 3 X, (1) + O(°),
n=1

tin

> X@™ML(L, X)L, xxs,) L (L, xXs,)
x(—1)=-1

= B e @) Y v 0)-+ 016

tin

o0
where >’ denotes the summation over all positive integers n with (n,q) = 1.
n=1

Proof. We only prove the first formula, the others can be obtained by the same
method.
For convenience, we put

A= Y xwrm), ad  Br= 3 )3 xs®)

2m N<n<y N<n<y tln
where N is a parameter with ¢ < N < ¢3. Then from Abel’s identity we have
0o _ _ o) _
n)T(n n)t(n Ay,
ST ot (LN S (U e VA P
n n om N Yy
n=1 1<nL2mN

and

L(1,X)L(1, xxs,) = Zn xX(n) Y xs, (1)

tin

B(y,
= > () xs,(t / (32X) dy.

1<n<N tin

Hence, we can have

3T X@MLAL L)L, xs,)

x(—1)=-1
T e X(n)7(n < Aly.x
- ¥ X(z)( 3 %JF/ (Q)dy)
x(=1)=-1 1<n1 <2mN 1 omN Y
B(y, x
( Z TL2 X 712 ZX82 / (y )dy>
1<n2 <N t|ns y?
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) X(T”)( > X(i)( > nytx(n2) Y st )

1<n1<2mN 1<n2 <N t‘n2

L5 S %

+
1

x(—1)=-1 1<n1<2mN
< Ay, x)
Y 2 ma'x(m2) ) xs.(t) = dy
x(= 1)——1 1<n2 <N t|na N Y
m < Ay, x B(y, x
+ > X )</ %d@(/ %dy
x(CD=—1 2anN Y N Yy

(7) = M+ My + Mz + Mj.

Now we shall calculate each term in the expression (7)

(i) From Lemma 3 we have

My = Z* X(zm)( Z X(7>( Z Ny Xn2 Zst(t)>
(-1)=-1 1<n1<2™N 1<na <N t|na

Z Z (ning) 'r(m) Y xs, () > u(%)s&(d)

ting d|(g,2mnmine—1)

| = X

1< <2M N 1<na KN

1 Z Z (ning)~ (711) ZX82 (t) Z M(%)gp(d)

d|(g,2mnina+1)

1< <2m N 1<no KN t|na

® =52 u(Be@ Y Y tmm) ) Y s
dlq 1<n1 <2 N 1<na <N tIns
2Mmny=ni(mod d)

1 q
— —Zu(a)w(d) Z Z (nin2)~ (m)Zsz(t)
d|q 1<n1<2™N 1<na <N t|n2
2Mny=—n1(mod d)
where " denotes the summation over n from 1 to N such that (n,q) =1

1<n<N

For simplicity, we split the sum over ny or ny into four cases: i) 2™d < ny < 2™N
and d < ng < N; i) 2"d < np < 2™N and 1 < ny <d—1;iii) 1 <np <2M™d -1
and d <ns < N;iv) 1 <n; <2™d—1and 1 <ny <d—1. So we have
q ! !
TCECIED DED DA RNIN) pheRt

dlq 2md<n <2MN d<na<N t|ns
2Mmny=ni (mod d)

- 1 & 1 T1d+l1 ’I“Qd—l-lg)

<Y ¢(d) Z > ZZ (rid + 1) (rad + 12)

1<'r‘z<% ll 1l
lo= ll(modd)

d|q 2m Ly <2
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d—1
r[(rid + 1) (rad + 13)]°
d
<<Z<P( ) Z Z 7’1d+l 7’2d+ll)
dlg 2m 2N 1Y hi=1

<y e s lnd+ D o

rir2

dlq 2m < G 1< <

q ! /
Su@e@ ¥ Y o) Saels
dlq 2md<n, <2 N 1<na<d—1 t|ns
2Mmny=ni(modd)

<Y ed) > > (mmed)T <

dlg am <ry 2B 1<na<d—1

and

q ! /
Se@ew ¥ o) Y0
d|q 1<n1<2md—1 d<na<N tlng
no=nj(mod d)

<D ed > > (mrd) Tt <

dlq 1< <2md—1 1< <

where we have used the estimate 7(n) < n°.
For the case 1 < n; < 2M™d—1, 1 < ny < d— 1, the solution of the congruence
2™ngy = ny(mod d) is 2™ny = ny. Hence,

q / !
Su@e@ Y Y et
dlg 1<ni<2md—1  1<na<d—1 t|na
2Mmny=ni(mod d)

VI EURS SEERTECER) BT

!

dlq 1<na<d—1 t|n2
o0
q _ _
:Zu(a)w(d) ST 20y r(202) Y xa, (1) + O(d°).
dlq no=1 t|n2
(n27Q):1

So we have

1 q
(9) s u(De@ Y na) ) Y ()
dlq 1<n1 2™ N 1<no <N tIno
2mnyo=ni(mod d)

DS W) Y xe 0+ Ol

tln

Ul

(n,q)=1
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Similarly, we can also get the estimate

1 q
(10) §Zu(a)gp(d) ST ne) ) Y X () <
dlq 1< <2MN 1<na KN ting
2Mny=—n1(mod d)

Then from (8), (9) and (10), we have

o0

(1) -2 Z “27(27n) 3" s, (H) + O(c°).

n=1 tin
,q)=1

(if) From Lemma 2 of [9], we have the estimate

S IAW P <y ) and Y By <y'Te3(g),
XF#Xo0 XF#X0

where x( denotes the principal character modulo g. Then from the Cauchy inequality
we can easily get

Do Al < Y AW 0] <y g
x(—1)=-1 X#X0

and

> Bl < Y By, x)| < ytPeg
x(=1)=-1 X#X0

Using these estimates we have

e (L ([ )

x(—1)=—1 *1<n1<2™N

[T
« ¥ oot [T % B
1< <2mN O N T
0o 3/2,1/24e1 3/2
<nNe [ Y gy 1
N 2 Nz7¢
(iii) Similar by to (ii), we can also get
(13) M3 <« (i
3 N%_E.
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(iv) By the same argument as in (ii), and noting the absolute convergence of the
integrals, we can write

o= 3 (/L%dy)(/f%@

x(—1)=

<[ ) B enimewe
2mN x(= 1)

<</ . / < > Ay )( > |B(z,X)|2>;dydz

X7#X0 X#Xo

Loa(mm o [ 25 o)

X#Xo0 X#X0

< /°° f/(z)gd X/N"" ©(q) ds < (9)

o2
- 23/2—¢ Ni—¢"

Now taking N = ¢* and € < 3, combining (7) and (11)-(14) we obtain the asymptotic
formula

S XML D)L )L, xxs,) 2m+ Z 7(2™n) Y xs, (1) + O(¢°).

x(=1)=-1 tin

This completes the proof of the first formula of Lemma 6. O

Lemma 7. Let g > 8 be any odd integer, and x the Dirichlet character modulo
q,m > 0. Then we have the following asymptotic formulae:

Zn T(2™n ZXSz

t|n
(3m + 4)r? ( 2 pt+1
e e o3
I (o) T gl
plg plq
p=1,7(mod 8) p=3,5(mod 8)

00 ,T(n) t\; X85 (t)
D

n=1
4 2
s 2 p*+1
= O (+) O ZmI(-3)
rtq ptq pla
p=1,7(mod 8) p=3,5(mod 8)
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Z/n72X82 (n)7T(n) Z X8, (1)

t|2mn
m 2 p +1
BT () o5
SO (52) I AL
piq plq plg
p=1,7(mod 8) p=3,5(mod 8)

i T(2™n st n)7(n)

1

p
piq piq plq
p=1,7(mod 8) p=3,5(mod 8)
>
Do D xs(t) ) xsa (1)
n=1 t|2mn tin
mt 2 p? -1 12
I G -
48 H ( + p2 -1 H p2 +1 H p2
piq plq plg
p=1,7(mod 8) p=3,5(mod 8)
>
Do xs (W)T(27) Y xs, (1)
n=1 t|n
(m+ 1)n? ( 2 p +1
S B
64 H + p2 -1 H p + 1 (2 + 1)2
piq ptq plg
p=1,7(mod 8) p=3,5(mod 8)

Proof. Noting that 7(n) is a multiplicative function, we can write

(15) Zn 27(27n) > X (t)

tln
=T(2™) Zln*QT(n) Z X8, () + Z n=2r(2™n Z Xs. (t
2’(n e 2|” i
oo o0 .
=(m+1) Zn 7(n )ZXSz(t)+Z (r-29)72r(2mHr) ZX82(t)
2)[ t|n T’QTI j=1 t|29r
:(m+1+zm+‘7+1>2n T(n ZXSQ
tin
2n
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By using the Euler product formula we can write

S0 ) S v, (1)

= tln
2tn
1
=1] (1 +57(0) ) xe () + P Xs(t) + . )
p
plq tlp t|p?
PF2
22 32 3 ) 7
= H (14—?4']?-1—...) H (1+E+F+F+...)
plq plq
p=1,7(mod 8) p=3,5(mod 8)
1\2 2 1\ 2 1
= I (-5) (=) I 0-5) (14 5)
pta plq
p=1,7(mod 8) p=3,5(mod 8)

9 , 2 14 1/p* 1\2
Shee T 00t I IO )
16C ( ) H +p2_1 H (1+1/p2)2H p2

plq ptq plg
p=1,7(mod 8) p=3,5(mod 8)

So from (15), (16) we have

S 2mn) Y X (8)

tln
(3m + 4)r ( 2 ) pt+1 ( 1 )
= - 1 _— — .
144 g + p?—1 g (P2 +1) (p?+1)2 p?
p=1,7(mod 8) p=3,5(mod 8)

This proves the first formula. By the same method, one can obtain the other formu-
lae. O

3. PROOF OF THE THEOREM

In this section, we will complete the proof of the theorem. From Lemma 2, we can

write
(4] (3] (3] (4] (3]

(17) (D@ =2 Y x(a) =Y x(a)=2x(2) Y x(a) = > x(a)
a=1 a=1 2|a a=1 a=1 a=1
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and

VENCILTIE (1) =1

709 (9(2) ~ DL(L ) — VEV@L(L Yxs)) i x(—1) = —L.

Tl

?

First we prove Theorem 2. Noting that x is a primitive character modulo ¢, we
can get |7(x)| = /¢. So from (17) and Lemma 5, we can obtain

POREDBCRNC)
x(—1)=—1"a<$
- Y |e@- Wiy
x(—=1)=-1
=LY @ -1rzaop
x(—=1)=-1
2 *
=T D0 (88 4x() +4X(4) — 20x(2) ~ 20X(2) [L(L D)
x(—=1)=—1
N 16 H p+1 0(a):
By formula (18) we can also write
« 4
> 1D (=D)%(a)
x(-1)=-1"a<$
= 3 ™ e -y - vaE@L )|
x(—1)=-1
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=L Z* (33 + 4x(4) + 4%(4) — 20x(2) — 20%(2)) [L(1, %) [*

Z (8 4+ 2x(4) — 8x(2)) L2(1, ) L*(1, ¥xs,)

—1)=-1

+q—4 (84 2x(4) — 8Y(2) LA (L, V) LA(L, yxs,)
x(—=1)=-1
SIS (122 0y(2) — 45(2) + 20 AL )L T L(L )
x(=1)=-1
SIS (12 0(2) — 4x(2) + 2K LA DL s (L)
x(—1)=-1
8¢ V12 _ 2
+ (5= 2x(2) = 2x2)) [ L1 )P, xxXs, )|
2 *
x(—1)=-1
SIS o @)L 0L T L )
x(—1)=-1
D NI
x(=1)=-1

By Lemma 5, Lemma 6 and Lemma 7, we can obtain

5

4
> (-1 = 20 H ("~ 1)

1)
x(—1)=—1"a<4 p +
3v2J(q)q> 2 pi+1 1
0L (1) )
W] (4 2) T ATl
ptq ptq plq
p=1,7(mod 8) p=3,5(mod 8)
J(9)q* ( 2 ) P -1 ( 12
- 3)
+ 4 H p2_1 H p2+1 p2
ptq ptq pla
p=1,7(mod 8) p=3,5(mod 8)
J(9)q* 2 PP =133 12 2
1+ 57 ) (1) L= 5) +ow).
T3 H <+p2—1 H 2 +1 H P2 +0(¢™™)
ptq piq plg
p=1,7(mod 8) p=3,5(mod 8)

Thus we complete the proof of Theorem 2. Similarly, combining (17), (18) and
Lemma 5, we can use the same method to deduce Theorem 1.
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