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AN ALTERNATE PROOF OF A THEOREM ON THE
ASYMPTOTIC OPTIMALITY OF SOME ESTIMATORS

UMBERTO AMATO AND DAN TUDOR VUZA

Smoothing data is a major problem in data analysis due to the large amount of real
world applications which need such a problem to be solved. e.g., 1D signals (speech,
time series of any physical quantity), 2D and 3D signals (images, measurements).
Many wavelet-based smoothing data (or denoising) schemes reside on the following
common principle:

a) apply a discrete wavelet transform to the input data iy, ... ,r, affected by noise;

b) apply statistical estimators to the collection y,, ... , ¥, produced by the preced-
ing step with the hope tu recover must of the true values 8,.... ,0, of the wavelet
transform;

c) apply the inverse wavelet transform to the collection ny,... , 1, prodiced by the
preceding step.

It is hoped that the high capability of wavelets to concentrate most information
in a few coeflicients, while spreading nuise uniformly over all coefficients, improves
the performance of statistical estimators when used as above rather un the raw data
Tiyone Ty

Donoho and Johnstone devoted many researches to the statistical aspects implied
by step b) above. Suppose that the nuisy data y = (y1,... .¥,) are spread around
the true data 8 = (0,... ,0,) according a certain probability distribution (depending
on 8) so that I'y; = 0; (£ means expected value). The perfurmance of a statistical
n— variate estimator 1}, = 4i(¥1,... . yn) is measured Ly. the risk function I(n,0) =
E Y (i — 0:)%. The minimum of I#(1), @) over all estimators of the form 7, = ¢
with € € {0,1} equals Y7, min(6?, 4?). where a? = I7(3, -- 0,)%. and it is considered
by Doncho and Johnstone as a surt. of "Lenchmark™ fur evalnating the performance
of varions estimators with respect 1o wavelet-based denuising.

One of their must significant results [3] asserts that the soft threshuld estimator
given by

= sgnyi(ly:| — ay/2lugn),

has arigk at most O(lug n) times the benchmark, in the sitnation when y ~ N (8,0%1,)
(normal n - variate distribution with mean # and cuvariance matrix equal to o2 times
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the identity). More precisely. they proved the inequality

R(n,0) < (2logn +1) ((‘r7 + Zmin(O?,rr")) .
it

for the abuve defined 7. The natural question which arouse was whether the factor
2]logn in the above inequality could be improved by using maybe another esiima-
tor. In the same paper, Doncho and Johnstune showed that the value 2logn is
asymptotically optimal, by proving the inequality

inf su R(n.6)
2log P + Y0, min(82,0?)

Recently. Johnstone and Silverman considered in [d] the case y ~ N(6,V,) for a
general covariance matrix V),. They proved the inequality

R(n,0) < (2logn+1) (?7' + tmin(ﬂ?,n;'))

(1) lim inf >1

for the soft threshold estimator given Ly

i = sgn pi(in] — 0./ 2logn),,

where o} are the diagonal elements of V,, and & = n"' 17, #?. They also proved

that the factor 2log n is again asymptotically optimal in the sense that

- 1 7 R(n,6)
- 1 >

(2) h'l"n‘l‘gf 2logn F? "'q,f m;p #2140  min(6¥ 0?) ~ L

where 7% is a quantity depending on V,, to be defined in the following. The inequality

(1) is a particular case of (2) as 7 = 72 = o? in that situstion. Their proof of (2)

relied un the additional hypothesis

n'yr al , ot
¥ (e SO S
with 'y and (%, nut depending vn n.

The aim of ow contributinon is to present an alternate proof of (2). Our proof
also relies on the principle used in [3] and [4]. i.e., turning @ into a randum variable
and using the Baves risk with respect with a certain prior on 8. However, by applying
this method in a slightly different way, our proof ik somewhat simpler and dues not
make of hypothesis (3).

Let v, (y1..-. . .) Le a Gaussian distribution with covariance matrix V,,. It is a
standard fact that 4, can be written as

1 n—m(ys ..., Y
—m( 1= mlye L2 PR
N T

- 2 -
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where m is a linear function of ¥3, ... , ¥, Tn-1 i8 a Gaussian distribution and 7, does
not depend on y,,... ,y, (in fact 72 is the inverse of the first diagunal element of
v, ).

In a similar way one can define 7; for 2 < i < n.

Johnstone and Silverman [4] consider the numbers

l 21, 2l
7' ==3 dl, ™==3 7
nis Lt

where o7 are the diagonal elements of V,. With these notations, our result is the
following.

THEOREM 1. Let n;(y1, ... ,¥n) be an estimator of 6; from the data (y1,... ,yn) ~
N(8,V,) and let C,, be a constant for which

(4) R(n,0) < C, (a" + f:mjn(a?, a,.’))
i=1 .

is true for every 0,,... ,0,. Then

L 1 @

We refer to [1] for details.
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Some more abote Riemann—Stieltjes Integral

1. Bucur

The purpose of this paper is to compare the different definitions of Riemann-
Stieltjes integrability of real line, one can encounter in literature. Surprisengly we
remark that the terminotogy of " Riemanr -Stieltjas integrability” is often used for two
different notions. We introduce a new cimeept of "Darboux-Stieltjes integrability” in
order to avoid this amblguity and we sti.dy, smong others, the relations of this concept
with the other types of integrability.

All the functions used heez will be boynded. We remember the following defin-
itions: If [a,b] s & compact intesval of the real line then any finite and increasing
family of the real line A = (z;),s,,, 2 € [a,4],
a=mzo<1y <5 K. = b is called & division of [a,b]. The set of all divi-
sion of [a, b] is denoted byﬂc b, ot simply D. IfA..A. € Dweput A, < A if
{82}, 20} C {2d,2],2},...,2} ) where

A| == (3-.- )bglsu' Ay m (3:)056-0‘

If A = (3:)ogign is an clement of T then we call an inlermediary division of A any
division A’ = (yi)oqigas1 of [a,b] such that g1 € [y, 2] for all i € {1,2,...R},.

We shall write simply A’LA. Also, if f,g: [0.8) = R are two bounded functions,
and A, A’ as above we denete

o(/,9.8.8) = 3 f(30late) - olei-1)
and by ||A]| the positive real aumber sup{(s,—z,-,)\i € {1,2,...n}}. We rembember
the following classical definition:

Definition A. We say that the function [ is Riemann-Sticltjes integrable with
respect to the function g if there exists o real number / € R such that for any ¢ > 0
there exists n, > 0 such that /o(f, 9; A, &)~ 1/ < ¢ for any A € Dia,b] with ||A|| < n,
and any A’ € Dla, b] with A'LA.
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It is well known that the function [ is Riemann - Stieltjes integrable with respect to
the function ¢ iff for any sequence (A, ), from D such that lim, s |A ) = 0 and any
sequence (A'), from D with AL LA, for any n € IN, the sequence { 7(f, 9.4, A,

is convergent. The limit does nnl depend on the sequences (A,), and (AL), as above
and it is noted by [ = / fdg.

We recall also "

Definition B. If f = [¢,b] = IR is bounded any g = [a,b] — IR is an increasing

function then we say that f is D-Riemann-Slieltjes integrable with respect to g if we
have

inl {S(/,9,0)/A € D} =sup{s(f.9,A)/ A € D}
where for any A = (#,)oci<n € D we have denoted

S(f,9,4) = Z M (g(xipr — g(zi)), a(f. 9,8 Zm.(y(r.u) - 9(z:))

i=0

M; = sup {f(z)/7 € [vi,tip]}, mi = inf {f(2)/z € [riytina]};1=0,1,2...,n = 1.

We added expressly the partiele D, before Riemann-Stieltjes..., to mark that there
is a distinclion between the Riemann-Sti:ltjes integrability gigen in the above defini-
tions A and B even il in many mathemalical treatises such a distinction is not made.

The following well known examnple shows that distinction.

Let f,g:{0,2] = IR given by

AR EEYE S {1 1<rs2
Yo i o<e< 9H)=V0 it 0<r<lI

Obviously g is increasing and f is bonded. Il we consider A € D [0,2], A =
{0, 1,2} then we have

S(fr9.8=1-(g(1) — g(0)) + 1(g(2) —g(1)) =1

s(f19,3) = 0(g(1) - g(0)) + 1(g(2) — g(1)) = |
i.e. fis D-Riemann-Stieljes integrable with respect to g, On the other hand if we
cousider A € D[0,2], & = (ridocicn such that v, # 1 for any i = 1,2,...n ~ 1
then there exists i € {1,2,...n} such that r,_; < | < r,. \We consider also an
intermediary division A’ of [0,2] A’ = (y,)oc,<n+1- Since y, € [wi_y,x;] we may have
either y; € [y, 1) or y, € [1,2]. Henee we shall have

o(f.9,A. Q) = 0, respectively a(f.9. A.0) = 1

and therefore [ is not Riemann-Stieltjes integrable with respect to ¢ in the sens of
definition A.

It is not diflicult 1o sce that il g is v real. increasing function aud [ is a bounded
function on [a, b] xuch that [ is Riema i Stieltjes integrable with respect 1o g then f
is alsp D--Riemanu Stietjes integrable with respect 1o g. Hence the Riemann Stieltjes
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integrability with respect to real increasing funetions is stronger than 2 Riemann
Stieltjes integrability.
We give now the following definition, larger than definition A:

Definition C. Let f.g : [a,8] = 1 be two real bounded functions. We shall oy
that f is Darbouwr-Sticltjes integrable with re .pect to g il for any ¢ > 0 theve exisis
A, € Dfa,b] such that for any A, A" € Dlu, ] with A, < A AL < N we have

lo(foa, Nod') = o(f,9. 0" d")| <& Vd'd" € Dypd LA "L A",

1. Proposition. Lel f.g: [«.b] = IR be two real. bounded functions. Then [ o
Darbour-Sticltjes integrable with respect to g if there erista an inereasing seyucne
(da)a in Dpyyldn < duyy for any n € N) such that for any acquences (), C
Diat) and (d)n C Dpwy with d, < A} and &, LA} Jor any n € N, the sequence
(o(f.g,. QL. d))), is convergent.

The limit of the sequence (o(f.g. N, d})) does not depend on the chosen se-
quences (X))o (d)) in D,y and will be denoted by I} fdg.

Proof. We suppose that f is Darboux- Sticltjes integrable w.r. to g, lor any
e =1 n € IN"we consider a division A, ol [u, b such that for any & A", d " € Dy, )
such that A, < A A, < N L LN d" LAY we have

oS- N - o{[9. A" < T

Now, we couzider a new sequence (dy ), in Dy ) such that A, < d, for any » < » and
d, <d, oy for any n € N~

I0(AL), and (), are two sequences in Dy ) sach that d,, < A and &, LA, 7 for
any n ¢ IN we have nyimr >k — A <o, € AL AL < d,, €AY
and therefore

nom>h —a(f.g. A d)—a(f.a.7,..4)] < ,—l‘-

m
i.e. the real sequence (a(fog. A d))), is convergent.,
By a mixing procedure one can see that the limit of this sequeoce does not depend
on the sequences (AL), . (d)) in D chosen as above,
Conversely, we suppose that there exists an increasing sequence (d,,), in Dy, 4 such
that for any sequences (A, (), o D owith d, < AL d LAY (Ve € N, we liave

i = (g Ny = ]

o

where i a real nmmber. Let now = > 0 be arbitrary. We assert that there exisls
ne € INsuch that forany Aod" € Dwith d,, < N and ' LA we bave [a( [, g,, A ') -
Il <=z

Iideed, in the contrary case there exists 20 > 0 such that for any n € IN there are

Al d, € D sucl that

dy <AL LA and fo(f.g. AL d) = 1] <&

ns
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The last inequality contradicts the fact than limp,o 0 o(f, g, AL, d,) = 1.

2. Corollary If f, g are as in Proposition I then f is Darbouz-"ieltjes integrable
w.r. to g iff there czists an increasing sequence (d2)n in D with limn_c0 ||d2|} = 0 such
that for any sequences (AL)n, (d))n in D with &) < Al and dj, LA}, for anyn € IN,
the sequence (o(f,g,Al,d,))n is convergent.

It is sufficient to consider the sequence (dg). from Proposition ! and to choose a
sequence (d2), which is increasing, with lim, e ||d2]| = 0 and such that d, < & for

anyn € N,

8. Corollary. If f,g : [a,b] = IR are bounded and f is Riemann-Stieltjes
integrable w.r. lo g (in the sens of Definition A) then f si Darbouz-Stieltjes integrable
w.r. log.

4. Corollary . If f,g : [a,b] & R are bounded then f is Darbouz-Stieltjes
integrable w.r. to g iff there ezists a real number I such that for any ¢ > 0 there esists
A, € D such that for any A, d € D with A, < A and dLA we have

/U(f,g.A,d)—l/ <e

Proof. If [o(f,9,0,d) — ] <¢efor al A,d € D with A, < A,dLA then for any
A A" d,d" € Dwith A, <A A, < A", d'LA', d"LA" we have [o(f,g,A,d)—1/ <
& fo(f,9,A",d") — I/ < € and thereflore

/a(f,g,A,(I‘) - /a(f,g,A,d)/ S 2

i.e. f is Darboux-Stieltjes integrable w.r. to g. Conversely, if f is Darboux-Stieltjes
integrable w.r. to ¢ then for any € > 0 we choose A, € D such that

AN d" € DA, <N A S AE LA A" LA"
= [0(f,9,8,d) = [o(f,9,4,d)/ < ¢

and we consider a sequence (d,), in D as in Proposition 1 such that A, < A and
d1A we have [o(f,g9,0,d) — [o(f,g.d.,d,)] < ¢ for all &, € D,d,, Ld,. Passing to

b
limit we have fo(f,9,A,d) — I/ < ¢, where [ = / fdg.

5. Proposition. f,g: [a,b] > R be two bounded functions end such that g is
increasing. Then f is Darbour-Stielljes integrable w.r. to g iff f is D-Riemann-
Stieltjes integrable w.r. to g (i.e. in the sens of Definition B)

Proof. If f is D-Riemann-Stieltjes integrable w.r. to g then for any & > 0 there
exists A, € D such that S(f,g,4,) — s([,9,A,) < €. Il we choose A € D such that
A € D such that A, < A we have

S([,9,8) < 5(f,9,.2), s(f,9,4,) < 5(f,9,A);
S(fvgvA) —S(f g~At\- S S(fvgvAl') - 3(f|g|At) <E€

-7 -
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If we take now A’, A”,d’,d" € D such that A, < A", A, < A”and & LA, d" LA then
we have

s(f,9.8") < o(f.9.8".d') < S(f,9.4"
s(f,9.4") < o(f g, A" d") < 5(f,9,A")
max(s(f,g,4"),8(f,9,4")) < min(8(f,9,4"),5(f,9,4") ,
and therefore

[o(f,gA'\d) - a(f.g, 8", d")/ <(5(],9,A") — (], 9,A)+
(S(fsg‘ A") - ‘g(fvga A,)) <2
i.e. f is Darboux-Stieltjes integrable w.r. to g.
Conversely, if [ is Darboux-Stieltjes integrable w.r. to g then for any ¢ > 0
we consider A, € D such that for any A’, A", &,d” € D such that A, < A", A, <
A’ d LA dLA,d"1LA" we have

/U(f, g, Alv dl) - G(I’ g, A”‘ d”)/ <e¢
Particularly, taking A’ = A” = A, and &',d” € D such that ' LA,,d"1A,, we

have

/”(f‘.% At-d’) - a(fvgv An d'")/ <é

Taking in mind that
S(f.q.A:) =sup {a(f, 9.0, d)/d € D.d'LA,},
(19,8 =inf {o(f,9,8.,d")/d" € D,d" LA}

we get
S(fi9.8)-s(f.9.8) <S¢

i.e. fis D-Riemanu-Sticltjes integrable w.r. to g.

6. Theorem. Let fig : ja, b = M be two bounded functions such that f is
Darbour-Stieltjes integrable w.r. to g. If the functions f and g have ne common
point of discontivuity in the intoreal [a,b] then [ is Riemann -Stieltjes (sce definition
A) integrable w.r. to q.

Proof. Let |l flf = sup {{f(irHie € [a. )}, |lg(x)]} = sup {g(z}:r € [a.b]} be
the uniform norm of f. vespectively 2 and let ¢ > 0 be arbitrary. We mark by
A = (r)ocick the division of [a. U] such hat for any A.d € Dla, b] with &, € A and,
d LA we have .

o f.q. A ) -/‘ Jdg] < ¢

We consider now 5. > 0 such that for any i € {1,2,...k} we have one of the
relations

[2=rf Sn=> [J(2) = SV € Sor () - glai)] < =

-8 -
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where m = (| flllgll + 1) - (k + 1).

Let A’ € Dla,b] with ||AY)| < 5. and let A! be the division ol {a,b] given by
Al = AU {z;}. Suppose that z; € [yj,, Yjo+1], Where y;,y;+1 € A’ and we consider
d' € D,d'LA'\d' = (&);, & € [yj y;+1] for any j. Let & € [zi,y5], €5 € [Zisyion1]
and let d; be the division of [, b] obtained from d' replacing §;, by the cuple &, &5 -
We have

a(f,9, A" ) = a(f, 9,80 d) = (f(§o) — f(§5)a(=) — 9(yp))+
(f(6o) = F(€5)N9(ys041) — 9(i))

and therefore we have
1o 7 £
[o(f,9.8',d) = a(f,9,8i, i)/ < AN + Mgll) - —

We proced as follows:

We start with the divisions A',d’ and taking ¢ = 1 we construct, as above, the
divisions A},d]. Then starting with the divisions A}, d} instead of A’,d’ and taking
i = 2 we construct as above the divisions Aj,,d},.. ..

Finaly we obtain the divisions A”,d"” of [a,b] such that "L A", A, < A" and
moreover

[o(£,9,8d) = o(£,9, 8" d") < k- AU + o) - = <.

On the other hand we have

b
Jo(f.9.8"d") = [ fdg/ < e
and therefore ,
[o(f,9.4",d) -—/ fdg/ < 2
for all A’,d’ € D, &’ LA’ such that ||A'|| < n,. Hence the function f is Riemann-
Stieltjes integrable w.r. to g

7. Corollary. If the function [ is Darbour-Stielljes integrable w.r. to g and one
of the functions f or g is conlinuous then f is Riemann-Stielljes integrable w.r. to
g

Remark. The preceding results (Theorem 6 and Corollary 7) are known for the
case where g is increasing.

8. Proposition . ¢) If in Darbour-Stieltjes integrable with respect to g on [a, b]
then for any c € [a,b] the function f is Darbour-Stielljes integrable w.r. to g on the
intervals [a,c] and [c,b] and we have

[ sds= [ sdg+ [ 1dg

b)- Conversely, if f is Darbouz-Stieltjes integrable w.r. to g on the intervals [a,c|
and {c, b} (where c € [a,b]) then [ is Darbouz-Stielljes inlegrable w.r. to g on [a,b].

-9 -
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¢) If fi,fa are Darbouz-Sticltjes integrable w.r. to g on [a,b] then af, + 3f; is
Darbouz-Stieltjes integrable w.r. to g, for any a,f € R and we have

[t +8)g=a [ fidg+5 [ fads.

d) If f is Darbouz-Stieltjes integrable w.r. to g, and g; on [a,b] then f is, Darbouz-
Stieltjes integrable w.r. to agy + B¢, for any o, € R and we have

[ fdtagi + o) = [ fdgi +8 [ 1dn

Proof. a) Let f be Darboux-Stieltjes integrable w.r. to g on (s, b] and let ¢ € [a,}].
For any € > 0 there exists A, € D[a, ] such that for any A', A”,d',d” € Dfa,b] with
A <A A, <A dLA,d"LAY we have

/a(fvgv A,v J) - d(f,g, A”v J')/ S £

The above inequality holds also if we replace the division A, by the division A] finer
that A, (i.e. A, < Al). So, we may suppose that c € A,. Let A! (resp. A7) the
division of [a, ¢} (resp. [c,b] ) given by Al = A, N [a,c] (resp. A? = A, N e, d]).

Let now Aj, AY,d},d; € Dla,c| be such that A < A}, A < A d] LA, df LA].
If we put A’ = AjUA?, A” = AYU A? and we choose d; € Dlc, b],d; L A? then noting

d=dud;, &"=d/Ud,
we have &' 1A', d"1LA", A, < A, A, € A” and therefore
/a(f,g, A'vd') - a(fvgv A”d”)/ S €.
On the other hand we have
o(f.9.8"\d') =0(f,9,A},d}) + a(f,g,8],d,)
o(f,g.A" d")=0o(f,9.A7.d7) + o(f, g, AL, d3)
and therefore
U(IvgvA’l‘d'I) - "(.fvgv All,|d'l')/ S 3
Hence f is Darboux-Stieltjes integrable w.r. to g on [a,c]. We prove similarly the

integrability on the interval [c,b] and the assertion ). For the remainded part of
assertion a) as well the statements c) and d) one can use Proposition 1.

9. Proposition. Lel f:[a,b] » R be a bounded function. If g,,g; are two real,
increasing functions on [a,b] then the following assertions are equivalent:

a) [ is Darbour-Sticeltjes integrable vith respect to g, and g,.

b) If [ is Darbouz-Stieltjes integrable with respect lo g, + g3.

Proof. The relation a) = b) follows from Proposition 8. If f is Darboux-Stieltjes
integrable w.r. to g, + g; then for any ¢ > 0 there exists A, € D{a,b], A¢ = (z,)ogign
such that ot

Z(M.‘ = mi)(g1 + ga)(zies) = (9 + ga)(zi)] <€

1=0
!

- 10 -
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where My = sup{f(+)/ ¢ € |ty o]l me=infl {[(2)/0 € [xi, 2]} i € {00, n—
1}. Since

n—| n—1
(M= m)(gi(wier) = gi(2:)) 2 0, ) (Mi = mi)(ga(xis1) — gali)) 2 0
1=0 1=0

we deduce S(f,g,A,) - 3(f|gvA£) S E.S(f,QQ, At) - s(fvghAt) _<_ € and therefore
(see Proposition 5) f is Darboux-Stieltjes integrable w.r. to g, as well w.r. to g,.

Theorem 10. Let f : [a,b] = IR be a bounded function. We denote by I(f) the
set of all functions g : [a,b] with bounded variation such that f is Darbouz-Stieltjes
inlegrable with respect to g and by V the sel of all functions g : [a,b] & IR with
bounded variations. The liniar subspace I(F) is a band of the Dedekind complete
Riesz space V endowed with the following order relation

@ < g1 < g1 — g1 is increasing and positive on [a,b].

Proof. The fact that the set I(f) is an order ideal (normal subspace) of V follows
from Proposition 9. Let us consider a family (g:)ies in (Z(f))* which is dominated
by an element g of V*. We want to show that .\é’, g € I(f) where _2/, @ is the least
upper bound of the set {g;/i € I} in V. Since I(f) is an order ideal in 1", without
lost of generality, we may suppose that the family (g,)ies is upper directed. Since for

any ¢ € I there exists g/ € V'* such that g; + ¢/ = go we deduce the relation h+h' = go
where h, k' : [a,b] = Ry are defined by

h(r) = sup ai(x), hx) =inlgi(x)
el 16/

Obviously h,h’ € V* and moreover, h — g, € V't for any j € 1. Indeed, for any 1 2 §
we have g; — g; € V* for any j € /. Indeed, for any i > j we have g, — g, € V* and
therefore, passing to the limit h—g, € V% Let ¢ > 0 be arbitrary and let j, € [ be
such that h(b) — g,,(b) < — 2"”' We consider also A € Dfa, b} such that

SU 9200 8) = sl 300 3) < 5

and we denote by h’ the element of V'* given by ' = h — g, .
We have h = ¢;, + h' and therefore

é(f hoA—s(f.h) A)_(\(] g D) — s(/. (;J,,A))+(S(f W, A) = s(f,h',4)) <
5 WU = K@) € 5+ I WO € G+ 11 o = .

Hence h € Z(f) and from the construction of h we have h =i € [ g,.
Remark. The above theorem enabye us to used the theory of Dedeking complete
Riesz Spaces in obtaining now results ‘n the theory of Darboux-Stieltjes integration.

- 11 -
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Espaces ordonnés localement convexes et opérateurs linéaires continus

Romulus Cristescu

Dans cette note on considére des espaces linéaires ordonnés munis de
topologies vectorielles soumises a differentes conditions et on donne certaines

propriétés des espaces ordonnés d’opérateurs linéaires et continus".

§1

Une topologie vectorielle T sur un espace linéaire ordonné X est dite (0)-
continue si toute suite généralisée décroissante vers 0 dans X, (t)-converge vers 0.
Un espace linéaire ordonné X muni d’une topologie vectorielle 1 est dit (t0)-

complet si pour tout sous-ensemble” (t)-borné et dirigé supérieurement il existe le

supremum.

1) Les notions, dont les definitions ne sont pas donnés dans cette note, sont celles de [5)
2) On indique par 1 la référence ala topologie considéré sur un espace lindaire ordonné X (par exemple:

ensemble (t)-borné) et par 1a lettre o la référence 4 I’ordre de X (par exemple : ensemble (0)-borné)

- 13 -
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Si X el Y sont les cspaces lincaires ordonnés, on désipnera par RN, Y
’ecnsemble des operateurs régulicrs (defiis sur X 4 valeurs dans Y) Si X ¢t Y sonl
munis aussi de topologics vectorielles, on désigncra par {(X.Y) I'ensemble des
opérateurs linéaires et (t)-continus. En particulier on pose X, = (X, R).

Théoréme 1. Si X est un espace linéaire dirigé muni d’une topologic
vectorielle et Y un espace linéaire ordoné muni d’une topologie vectorielle
locallement pleine, alors la topologie de la convergence simple sur I’espace linéaire

ordonné® L(X,Y) est localement pleine.

Démonstration. Si {Ua} sea © {‘/ ,} sea Sont deux suites généralisés
d’éléments de I"espaces L(X,Y) telles que 0 = Uy < Vi, (V5 € A)et

(x) - JimVy (x) = 0, ¥x € X, alors (1)-lim Us(x)=0, (Vx € X,) |

parce que la topologie de I'espace Y est localement pleine. L'espace Y etant dirigé il

en résulte ()-1iM Us(x)=0  quelque soit x € X.

3) Dans I'cspace £(X.Z) on considére I'ordre donné par le cdne des opérateurs positifs

- 14 -
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-~

Theereme 2 Soit X une espaee hincawre dinge,. mur dune wopolowie

localement convene telie que N soit un sepace tonnele. Soit Y une espace hincaure
ordonné muni d'une topologie lovalement convexe sepante of (@)continue S
I'espace Y est (10)—omplet. alors Uespace lindaire ordonnd PENLY) est aussi (10) -
complet par rapport 4 la topologie de la convergence simple.

Lo : :
Démeonstration. Soit 1U§} une suite généralisée croissante d’¢léments de

Sed

I'éspace LLX,Y) bomnée par rapport a la topologic de 1a convergence simple. Donc
L o .

pour chaque ¢lément x € X, la suite généralisée Ugf ., est croissante et (1)-

bornée. L espace Y étant (to)—complet, 1l existe
V() = V. Us), (Vx € X,)
et I'opérateur V: X, — Y donné par cette formule est additif et
V(ax) =aV (x),(Vx € X, ,Va e R,)
En posant

Ux'-x") = V(xX)- V(x"), (x',x"€ X,)

on obtient donc un opérateur linéaire U: X — Y. Par consequence {Ua} est

8ecA

une suite généralisée dans I’espace L(X,Y) telle que

- 158 -
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U(x)=(r)glign Us(x), (Vx € X)
parce que la topologie de I’espace Y est (@)-continue. D’apres le théoréme de
Banach-Steinhauss [9] on a U € B(X, Y). Maintenant on vérifie aisément que

U= 6\/A U, dans I’espace linéaire ordoné £(X, Y).

Corollaire. Si X est un espace linéaire dirigé muni d’une topologie localement

convexe telle que X soit un espace tonnelé, alors dans lespace linéaire ordonné X,

pour tout sous-ensemble dirigé superieurement et major¢ il existe le supremum.

En effet, il est suffisant d’observer quesi {Q}Be soune suite généralisée
croissante et majoréed’¢éléments positifs de X, alors pour chaque element x e X,

la suite généralisée { fs(x)} sea CStbomnée. R

Théoréme 3. Si Y est un espace linéaire réticulé archimédien muni d’une

topologie localement convexe séparée (m)-continue telle que Y soit (t)-complet,

alors Y est un espace linéaire complément : réticulé.

Démonstration. Soit {ya} unc suite généralisée croissante >t majorée

feA

d’éléments de Y. Posons

- 16 -
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A={ye YIyGSy,VBE A}
B={y—y8|yeA,Se A}

On a 0=inf B. En effet, si z est un minorant de 1’ensemble B, allors

y — 2z € A, (Vy € A). Par induction il résulte que si y, € A alors
Yo — Nz € A, (Vn € [N)

donc pour un élément quelconque 8, € Aona

nz < yo — Y5 ,(Vn € IN)
L’espace Y étant archimédien, il en résulte z < 0 donc 0 = inf B.
On vérifie aisément que I’ensemble B est dirigé supérieurement.

La topologie de I’espace Y étant (w)-continue, pour toute semi-norme

N~ T NNY Y T e

(t)-continue q sur Y on a inf q(B)=0. Donc pour chaque seminorme (t)-continue q
sur Y et pour chaque nombre € > O il existe y, € A etd, € A tels que
€
q(Ye — ¥&) S 2
Il en résulte que si &,/ 8" 2 &, , alors

Qs —Ys) S q(ys — Ye) +A(Ys — Y5r) S E
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donc {Y5}5:A est unc suile genéralisée Cauchy par rapport a la topologie de

I'espace Y. Puisque I'cspace Y est (1)-complet, il existe  y - fl’im ¥s clona
[

y = 5\/A ys car le cine positif de 'espace Y est (t)-fermé.
€

Corollaire. Si Y est un treillis de Banach 4 norme (@)-continue, alors Y est un
espace linéaire complétement réticulé,

Remarque. Si X est un espace linéaire ordonné et Y un espace linéaire
topologique, un opérateur linéaire U: X — Y s’appelle operateur (ot)-compact si
pour chaque sous-ensemble (0)-borné A de X, I’ensemble U(A) est relativement
compact. Si X est un espace” de type (R) €t Y est un espace linéaire complétement
réticulé muni d’une topologie localement solide séparée (w)-continue telle que Y
soit (t)-complet, alors I'ensemble X(X,Y) des opérateurs réguliérs (ot)-compacts
(définis sur X a valeurs dans Y) est une composante de I’espace R(X,Y), ([6], 3.4)

§2

Soient Y un espace linéairc dirigé et X un sous-espace linéaire majorant. Si

p: X — R est une semi-norme monotone, NOUs posons

Py= inf{p(x)lt y<xe X}, (yey)

4) On appele espuce de type (R) 1out espaces linéaire dinigé qui satisfait & la conditions do Riesz [6]

- 18 -
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La fonction p: Y —> R donnépar cette formule est une semt-norme solide et

piX=p..
Si X est muni d’une topologic localement convexe-solide 1 et si P est

I’ensemble de toutes les semi-normes solides et (t)-continues définies sur X, alors

la topologie % définie par P = {p| p efP} s’appelle I’extension naturelle de t

sur Y,

Nous rappelons ques;Z est un espace linéaire ordonné muni d’une topologie
vectorielle 1, on dit [5] que Z poséde le propriété (S) si pour chaque sous-ensemble
(t)-bomé A de Z il existe un sous-ensemble (t)-bomné B d’éléments positifs tel que
A cB-B.

Théoreme 4. Soient Y un espace de type (R) et X un sous-espace linéaire
majorant de Y. Soit T une topologie localement convexe-solide bornologique sur X.
Si Y posséde la propriété (S) par rapport & 1'extension naturelle ¥ de t sur Y, alors

Y est un espace bornologique par rapporta 7.

Demonstration. Soit q: Y — R une semi-norme telle que pour chaque sous-

ensemble A c Y, qui est boné par rapport i la topologie T, I’ensemble q(A) soit

borné. En posant

- 19 -
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ao(y) = supq([0,y]), (yeY))

on obtient une fonctionelle sous-linéai.e et monotone o Y, > R,. En posant
maintenant

Ay =inflgetysv}, ev)
on obtient une seminorme solide @ sur Y telle que q| Y, =q,.

Soit maintenant A un sous-ensemble de Y, bomé par rapport i la topologie T
et soit B un sous-ensemble de Y., borné par rapport 4 la méme topologie, tel que

A c B—B. En désignant par B, I’enveloppe pleine de B, il existe A € R tel que

q(y) <A, Vye B, Si0<z<y e By siors z € Bydonc q(z) < A, d’oi il résulte
qo(y) S A. Par consequence g(y) < 2A, Vy  A.
Puisque ?| X =1 et I'espace X est bornologique par rapport 2 la topologie T, il
existe une semi-norme solide p sur X, continue par rapport a 1, telle que
g(x) £ p(x), (Yx € X)
Siy e Y, alors il existc x € X tel que + y < x et puisque T est une semi-

norme solide, on a

qQ(y) £ G(x) = p(x)
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d’ou 1l résulte

(N qQ(y)<Ply), (YyeY)

Siye Y., allors q(y) < qo(y). Si y est un élément quelconque de Y et si

ty < v, alors en posant

] 1
=" (v+y), =" (v-
Yi 5 Y, Y2 2( y)

onay=y, -y, 05y, <v,(i=12), v=y;, +y,et

q(y) < q(y1) + q(y2) < 2q0(V)
d’ou i} résulte
q(y) s24(y), (VyeY)
Avec (1)on a
a(y)<2(y), (VyeY)
donc q est continue par rapport a la topo ogie T.
En conclusion, Y est un espace bornologique par rapport a la topologie ¥.
Corollaire. S1 X est un espace linéaire dirigé archimédien muni d’une
topologic localement convexe-solide séparée 1 telle que X sont un espace
bomologique, alors I’extension Dedekind X de X est un treillis localement convexe
bomologique par rapport a I’extension naturelle ¥ de t sur X.

- 21 -
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En effet, en porant Y=X, I'espace Y posséde les propriétés du théoréme 4

(voir [5], 7.1.3, prop.5) donc X est ua espace bomologique. Si 02y e X alors il
existe x € X tel que 0< xs|y!, donc il existe une semi-normme solide p sur X,

continue par rapport a T, telle que p(x) 20 . Il en résulte P(y) = 0.
Dans le théoréme suivant, on désigne par 1(Y,Z) I’ensemble des opérateurs
linéaires définis sur un espace linéaire Y, & valeurs dans un espace linéaire Z.
Ttéoréme 5. Soient Y un espace lindaire dirigé, X un sous-espace linéaire
majorant de Y et Z un espace linéaire ordonné. Soient 1 une topologie localement
convex-solide sur X, T I’extension naturt/k de 1 sur Y et t' une topologie localement
pleinesurZ. Ona:

() SiosUeL(X,2),0<VelY,Z)etV

X =U alors U e £(Y,2).
(ii) Si Z est (0)complet et 0 < U e L(X, Z) alors il existe un operator positif
V e I(Y,Z) tel que VlX =U.

)

Démonstration (i) Soient q une semi-norme absolument monotone” et

continue (par rapport & T') sur Z et p une seminorme solide et continue (par rapport

5) C'est-é-dire si 1z < v dans Z allors q(z) * q(v)

- 22 =
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a 1) sur X telle que
(2) qU(x) < px), (Vx € X)
SiyeYa+ty<xeX,alors
+ Wy) £ V(x) < Ux)
d’oy, avec (2), il résulte
q(V(y)) < q(Xx¥) < p(x)
et donc

qV)SBO) (WY €Y)
Par consequence V € £(Y,Z).
(if) D’aprés un théoréme de prolongement de L. Kantorovitch (généralisé comme
dans [7], 2.1) il existe un operateur positif V € I(Y,Z) tel que V|X= U. D’aprés (i)

onaV eL(Y,2).

§3

Si X et Y sont des espaces linéaires ordonnés munis de topologies vectorielles,

nous posons
L.X,N={UeLX,V)|U=U, - U;0s U; e L(X,Y),i=12}

- 23 -
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Théoréme 6. Soient X un espace de type (R), G un sous-espacc linéaire, dirigé
et plein de X et Y un espace linéaire coraplétement réticulé. Si X et Y sont munis de

topologies localement solides, alors I’ensemble
G ={u el x.n|u©) = (o)}
est une composante® de Iespace linéaire complétement réticulé £,(X, Y).

Demonstration. Il est suffisante de démontrer que I’ensemble G est une bande

de I'espace L,(X,Y).
Evidemment, 3 est un sous-espace linéaire de LX(X,Y).

Si Ue 6 et 0 < x € G, alors [-x,x] < G puisque G est un ensemble plein. 1
en résulte [U|(x)= 0, ¥x € G, et donc [U|(G)={0}, puisque G est un espace

linéaire dirigé. Par consequence,‘g est un sous-espace linéaire reticulé de £.(X,Y).

Evidémment, si 0 < U, € .L’,(x,Y) et U, < U, e'ﬁ, alors U, e% donc

Gestun sous-espace normal de C,(X,Y).

Si 0s U lsTAU dans [I'espace J(XLY) et U, eﬁ (V§e A) alors

Us(x) BIA U(x), Vx € X,donc U (G) ={0), c'est-a-dire Ue'g.

En conclusion,ﬁ est une bande dans I'espace linéaire complétement réticulé

6) Cest-a-dire £, (X, Y) = § + 5+
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L30X,Y) et le théoréme est démontré.

Cc théoréme st une géneralisation d’un théoréme donné dans [6] ou I'espace

X était réticulé.

Remargue. Soit X un espace linéaire dirigé muni d’une topologic localement
convexe-pleine séparée telle que le cOne positif X, soit (t)-complet. Si X poséde la
propriété (S) et si Y est un espace linéaire ordonnée muni d’une norme qui soit
additive sur le cone positif Y, , alors on peut démontrer que 13,(X,Y)=R(X,Y). En

particulier si X est un espace linéaire dirigé et un espace de Banach a norme

monotone tel que la cone positif soit (1)-fermé, alors X, = R(X, R).

Bibliographie

1. C. D. Aliprantis, O. Burkinsh |, Lo-ally convex solid Ries spaces; Academic
Press, 1978.

2. Romulus Cristescu, Sur I’extension de type Dedekind d’une espace réticulé
localement convexe bomologique; Rev. Roum, math. pures et
appl. 13(1968), 1293-1296

3. -—— , Surle dual d’une espace dirigé lucalemenl convexe; Rev. Roum.
math. pures et appl. 17(1972), 17-20

- 25 =

https://biblioteca-digitala.ro / https://unibuc.ro



4 — Ordered vector spaces and Iinear operators;, Abacus Press, Kent,
England, 1976

5. — , Topological vector spaces; Noordhof¥, 1.P. Leiden, The
Netherlands, 1977

6. —— ,  Clease de operatori pe spatii ordonate; Structuri de ordine in
Analiza functionald, vol. 1, Editura Academiei, 1986.

7. —— ,  Asupra unor operatori regulati. Structuri de ordine in Analiza
functionald, vol. 3, Editura Academiei, 1992.

8. M. Duhoux, Topologies pour un sur-espace d’un espace vectoriel ordonné,
Bull.Cl. des sci.5-¢ série, 57(1971), 291-313

9. A. L. Peressini, A note on lattice proper:ies of continuous linear mappings;
Math. Z. 115(1970), 18-22

10. H. H.. Schaefer, Topological vector spaces; Springer Verlag, 1971

11. Yau-Chuen Wong, Kung-Fu Ng, Partially ordered topological vector spaces;

Clarendon Press, Oxford, 1973

https://biblioteca-digitala.ro / https://unibuc.ro



THE SPACE OI' REGULAR OPIERATORS

Nioolae Danet,

Abstract

This ie a short survey concerning the new results about the mpace of regular
operators obtained in the Nineties.

1 Thespace of regular operators and some related spaces

Let X and Y be two vector lattices. The space of regular operators
between X and Y, denoted by L"(X,Y), is the linear span of the cone of
positive operators ordered by that cone, i.e.,

L'(X,Y)={T:X >Y|T=T,-T,T,,Ts > 0}.

A natural question arise? What is the order structure of this space? This
formulation is too general. We can reformnlate the question more precisely.
The space of regular operators between two vector lattices, L"(X,Y), is a
vector lattice?

The answer of this question is well known.

Theorem 1.1(Kantorovich, 1936 [7]) Let X and } be two vector latiices.
If the range space Y is an order complcte vector lattice, then the space of

regular operutors, LT(X,Y), is a vector lattice (even an order complele vector
lattice).

In this case any regular operator has a positive part, T'* = T'V0, which
is given, on the positive cone X, of X, by the familiar Riesz-Kantorovich
formula

THz) = sng[O,a:] =sup{T(z) |0 <z <} (xr € X,).

Along with the above formula for T there are similar formulas for the
negative part
T (@) =supTl-,0] (2 € X,),

and the modulus of T

| T (2) =sup T[-z,2] (x € X))
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1t is well known ihat an operator has a positive part if and only if it
has a modulus (and if and only if it has a negalive part). Il any one of
this is given by Riesz-Kantorovich formula, then so are the others, since
T(0,z} = T(z) + T|-+,0] = (T|—z,x] + T(z))/2.

1f Y is not order complete then it may still happen that some regular
operators have a positive part. In all cases then this does exist it is given by
Riesz-Kantorovich formula, but it is an open question whether this is always
the case.

A regular operators which has a positive part given by Riess-Kantorovich
formula has been termed tame by van Rooij in [10]. We will use the notation
L"(X,Y) for the set of these operators from X into Y which have a positive
part, and L™ (X,Y) for the subset of LI"(X,Y) consisting of tame operators.
Thus, in these notations, the above mentioned question aske whether or not
we always have the equality

LYX,Y) = LF(X,Y). (1)

Let L*(X,Y) be the space of order bounded operators. (The order
bounded operators are those which map order bounded sets into order
hounded sets.) Regular operators are obviously order bounded but the con-
verse is, in general, [alse.

With the above notation we have

L'(X,Y)C I'(X,Y) c L(X,Y) c L}X,Y).

If Y is an order complete vector lattice, then the above inclusion are equali-
ties. This means that.:

(1) every order bounded operators in regular;

(2) the space of regular operators, LT(X,Y), is a vector lattice (even an
order complete veclor lattice);

(3) every regular operator have a positive part;

(4) the positive part (modulus) is given by the Rlesz-Kantorovich for-
mula.

Question: what’s happen when Y is not an order complete vector lattice?

Y.A Abramovich and A.W Wickstead began the study of the space or
regular operators in the case when Y is not an order complete vector lattice
({2]). They studied the regular operators on or in the space I°. I is the
space of all real sequences which are constant except a finite set. It is, In
fact, the smallest possible non order complete vector lattice which is not
completely trivial.

The sitnation when {J° is the domain of operators is simple. The or-
der bounded operators are always regular, ie., LI, Y) = L7(I,Y), but
172, Y) is a vector lattice if and only if the range space Y is (o)-order
complete and in this case L™({$,Y) also becomes (o)-order complete ([2]).
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Civen that L7(I$°,Y) is not always a vector lattice it is important to
know which operators have a positive part. The following resull gives a
simple criterion for this.

Theorem 1.2((2]) If Y is a vector lattice and T € L7(IF,Y) then T exists
if and only if the supremum

up ([Socrens] v [rays Sray )

s
nelN
crists inY.

The above condition seems to be much easier to work with than the con-
dition requiring that the supremum of the image of each order interval exiet,
although they are actually equivalent. Using this criterion, Y.A.Abramovich
and A W Wickstead proved the following theorem which show that for the
space X = [ the problem (1) has a positive solution.

Theorem 1.3([2]) If Y is a vector lattice and T € L™(I°,Y) then T exists
if and only if T is tame.

In the case when the operators have the range space I5° we have:

Theorem 1.4([2]) Let X be an uniformly complete vector lattice. Then

(i) L¥(X, 1) = L7(X, ).

(ii) L™(X,[3) is e vector lattice.

(i) All lattice operations in L™(X,I§°) may be computed using the Riesz-
Kentorovich formula.

We recall that a vector lattice is called uniformly complete if every
(p)-Cauchy sequence is (p)-convergent. The uniform completeness of the
space X is not necessary for the validity of the conclusion of this theorem.
If X is the space of Lipschitz functions on [0, 1], then the three assertions
of the above theorem hold, but X, is not uniformly complete vector lattice.
The authors give am example of a vector lattice X such that L*(X,I) #
L7(X,I3) and L7(X,I3) is not a vector lattice and ask the question: there
is a vector lattice X such that L}(X,I) # L(X,IF) and L"(X,I) is &
vector lattice?

JFor the relation between regular operators and continuous operators on
Banach lattices see [1] and [4].
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2 The space of regular operators and the Riesz condition

An ordered vector space X satisfies the Riesz condition if for any pos-
itive elements z, z,,2;, with 2 < 2z, + z;, there exist z,,x3 such that
0<21<2,0<z2<2and z=: 2y + 7.

“I'he ordered vector space X has the Riesz decomposition property if, for
any positive elements z;, 2, 21, 22, the relation z; + 3 = z; + 2, holds, then
there exist four elements 1; > 0, (§,7 = 1,2) such that @; = uy; + uyg,
T =Uuy +up, 2y =un tuy, 2 =Upet+uxy.

The ordered vector space X has the Riesz separation property if
3,29 < 21,23 then there is y with z,,z9 < y < #;,25. The Riesz sepa-
ration property is sometimes called the finite interpolation property. The
following result is well known.

Proposition 2.1Let X be an ordered vector space. The following assertions
are equivalent.

(1) X satisfies the Riesz condition.

(i) X has the Riesz decomposition property.

(#15) X has the Riesz separation property.

If the range space Y is not an order complete vector lattice, the space of
regular operators L"( X, Y') fails even to have the Riesz separation property.

Theoram 2.2([2]) L7(IF, 1) does not have the Riesz separation property.

"The space L7 ({5°, ) is a very good example of ordered vector space with
generating cone (ie., a directed vector space ) without Riesz ssparation
property. Using this space the author showed the difference between two
notion of ideal in a directed vector space without Riesz separation property
(15).

In the next part of this section we present the new results of A W. Wick-
stead ([11]) about the spaces of regular operatore between Banach lattices.

T'he main result is the theorery 2.5 which characterizes those Banach
lattices E such that the space L” (c, E') has the Riesz separation property as
being those with countable interpolation property.

De‘inition 2.31n ordired vector space I is said to have the counilabdle in-
terpolution property if, given two sequences (z,) and (zn) in E such that

£n 1, 2a | and x,, < z, for all m,n € N, then there is y € E such that
T, <y <z, foralln eN.

livery vector lattice has the Riesz separation property, but not all the

vector lattices have the countable interpolation property. For example:

- 30 -

https://biblioteca-digitala.ro / https://unibuc.ro



Seever hins shown in )] that €7(K) has the conntable interpolation prop-
crty it and only if A in an I-space, ie, anv pair of disjoint open [, sibsets
ol K have disjoint. elosnres.

C. B3 Vnijmans and B de Pagler have shown in [6] that an Archimedean
vector lattice I has the countable interpolation property if and only if F is
uniformly complete and normal (the latter meaning & = {z*}* 4 {z" }* for
all z ¢ F).

Definition 2.4 ([11]) A vector laltice E is said to have the strong countable
intapolation properly if, qiven two sequences (z.) and (z,.) in E such that
Trn < 2o for allm,n € N, then there is y € E such that x, <y < 2z, for all
n e N

l'ur vector lattices the countable interpolation property and the strong
countable interpolation property are equivalent. For more general ordered
vector spaces the two notions are not equivalent.

Theorem 2.5(A.W Wickstead, 1995 [11]) The following conditions on a
Danach lattice B are equivalent:

(i) E has the countable interpolation property.

(11) L' (c, E) has the strong countable interpolation property.

(iti) L" (c, B) has the Riesz separation property.

‘Che following example shows that there exists spaces of operators be-
tween Banach lattices which are not lattices but which have the Riesz sep-
aration property.

Iixample 2.6 ([11]) If X is an F-space which is not quasi-Stonean, then
C(X) has the countable interpolation property but is not (o )-order com-
plete (see (8], Proposition 2.1.5). By Theorem 2.5, L (c, F) has the Riesz
separation property. On the other hand, by Theorem 3.10 of [3], L" (c, E)
is not a lattice.

kxample 2.7({11]) If £ does not. have the countable interpolation property,
c.g. il E = ¢, then L" (c, E) does not have the Riesz scparation property.

1f the domain of definition of the operators is allow to be an arbitrary
Banach lattices, then one obtains another characterization of order complete
Banach lattices.

Theorem 2.8([11) Let E be o Banach lattice. Then the following ure equiv-
ulent:
(i) E is order complete.
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(ii) For all Banach lattices X, L7 (X, E) is an order complete vector
lnttsce.

(i1i) For all Banach lattices X, L™ (X, E) has the Ries: separation prop-
erty.

Technicr.l University of Civil Engineering of Bucharest
Departnent, of Mathematics, Blvd. Lacul Tei 124
72302 Bucharest 38, Romania
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POINTS - EXTREMAUX
dans les espaces Bloch By(V)

Marinlci Gavrlld

Josef A Cima et Waren R. Wagen en [1] ont donné une caractérisation des
points extrémaux de la boule unitaire de 1’espace Bloch By (C). Dans cette note, on

donné les conditions suficientes pour les points-extrémaux de la boule unitaire de
I'espace Bloch By(V), qui est un espace de fonctions a valeurs vectorielles. Les

démonstrations dans le cas Bo(V) sont diferente.

Si V est un espace de Banact,, il arrive souvant d’ utiliser la notion de point-
extrémal pour reléver la géométrie de la boule unitaire Uy, de I'espace V.

Si A est un sous-ensemble nonvide et convexe d’'un espace linéaire V,
alors un sous-ensemble K < A porte le nom de sous-ensemble extrémal de A side la

relation ax; + (1 —0o)x, €K o0 X;,x; € A et o €(0,1), il resulte X, x5 €K.
Si le sous-ensemble K est formé d'un seul ¢lément, K = {xo}, alors Xg

g’appelle point-extrémal de I'ensemble A Donc X, est point-extrémal de I'ensemble

A side la relation Xg —ax; + (1 -a)x,, ou x,,x; €A ct ae€(0,]), il résulte

I"épalité X; = X5 = Xg. L'ensemble des points-extrémaux de I'ensemble A scra noté
ExtA .

Remarque 1. l.es points-extrémaux de la boule unitaire Uy, d’un espace
Banach V sont tous de norme 1. Alors, on a I'inclusion:
() Ext(Uy)cSy
Uy={xeV/ixi<l} et Sy={xeV/|xi=1}.
I est vmi que, si X# 0 et |xl

<1, alors de I'égalité x =ax; + (1 -a)x,, ou

X . s :
a-Ixl, x, —=-=, x, =0, il résulte que X ne peut pas étre un point-extrémal de la

e’
ux!|

boule unitairc Uy .
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Dans la proposition suivante on donnera plusieurs variantes de Ia definition du point-
extsémal.

Proposition 1. Soit A un sous-ensemble non-vide el convexe d'un espace
linéaire I’ et x; C 4. Les aflirmations suivantes sont équivalentes:

a) X, est point-extrémal d. 'ansamble 4
b) Six,x;€d, x,#x, et acl0]l] tel que xg=ax;+(1 a)x,,
alosa=0 ou a=1,

¢) L’ensumble A\ {Io} esl convexe.
+
d) Six,x;€d et xo= {‘-éxz— alors x; =x; =X,.
Demonstration. d) => a) Soientx),x, € A,a €(0,1) ef xq=ax;+(1—a)x,.Si
1
a= %. wlors vu Phyputhése, on a X =X3=xo S/ & E(O'E) , alors

X+ X
Xo=-2-"3 ou x=2ax +(1-2a)x;. Donc on a X, =X3=2Xy et alors

X) =XZ=J'°.

Sias[%,l), alors x,,="';"4,ma xom A +(1-A)x, ef A=2a-1

Vu I'hypothése il result que x; = x; =xo ef alors x; =x,=x,.

Lin espace de Ranach ¥ avec la propriété dimV > 2, a Ia norme uniformément
convexe si pour tout £>0ilya &= §(£)> Oet avec la propriéte que pout n’import
quels éléments x,y I qui verifient les relation x| =]y|=1 et fx-y|2€ ona

il’»‘”'i:d--a.
| 2 |

Proposition 2. Soit }' un espace de Banach ayanl la norme uniformement

convexe. Si X, ¥, X, €V ef x= x—';—xl,ﬂx”= x| =[x}, alors x=2x =x,.

Démonstration. Si x =0, alors x, =x, =0. Si x#0, et divisant par |[x|, on

, et qui vérificnt lcs hypothéscs dc la proposition

R . X
obticnt trois ¢léments i 2

||1'2||

XX
A s

Il o
2.
Donc, on peut supposer que X,X; et X, sont des éléments de Sp-. Si x; # x,, alors
lx; — x> 0. Soit £> 0de sorte que ¥, ~x,| > £. La norme étant convexe, il en

. e X +x . .

résulte qu'il v a 0=0(€)>0 tel que |="xu=—lT-z-Sl—5 relation qui est
contradicloirc.

- 34 -
https://biblioteca-digitala.ro / https://unibuc.ro



Corollaire 1. Si }7 est un espace de Banach ayant la norme uniformement
convexe, alors

(2) EXN [jV ) = SV

X, + X

Demonstration. Soit X €Sy. Si X;,X; € Uy tel que x___7_2 il resulte

iy ={2x = %, 2 [2x] - Ix,]| 2 1. Donc [x;] = 1. De mani¢re analogue on démontre

iX2] = 1. ['n utilisant la Praposition 1. il resulte X, = X5 = Xo. Donc x € Ext(Uy,).

Un résultat trés important et bien conuu concernant |'ensemble des points-
extrémaux d’un ensemble, est constitué par lc théoréme de Krein-Milman: “tout sous-
ensemble K, non-vide, compacte et convexe d'un espuce local convexe Hausdorff V est la
fermeture de 1a converture de ’ensemble de ses poins-etrémaux”, Donc, on a I’égalité:

(3) K = Co(ExtK).

Une direction d’¢tude dans e domaine des points-ctrémaux est représentée par la
caraciérisation des points-extrémaux de la bonle unitaire des espaces Banach diftérents.

Proposition 3. Soient X ¢t Y deux espaces ayant des normes || ||| et " ”2 Soit
N:[0,)x[0,0) -» R une fouction de sorte que (X,y) = N(|xj,|yl) $0il unc norme sur
R”. On definit la norme i| | ser X @Y par la relation suivante:

@) Ix+yll=Nlxiv) vxeX et yeY

Alors X + Y est un point-extrémal pour la boule unitaire Uy oy si et sculement
si les conditions suivantes sont remplies:

(i) X est un poin-extrémal pour la boule de rayon fxy de X

(i) y estun point-extrémal pour la boule de rayon [y de Y:

(iii) (::\('l,{:)l{) est un point-extrémal pour la boule unitaire de Vespace R?%, de

normc N.

Soit D la boule unitaire ouverte du plain complexe C et V un espace Banach
(sur C). On rapplle quunc founction vectorielle f:D — V' est holomorphe en D si

pour toute forme lindaire et continue X° € V*, 1a founction complexe < f(z),x° > de
varinble complexe 7 est holomoarphe en 1) On ulilise anssi Ia notation suivante
< t(7).x" >=x"1(2)

En ouwre, i [ est une founction vectonelle holomorphe dans une boule ouverte
D, + «, ayant le centre @ € C, de rayon 1> 0, & valeurs en V, alors ([6], Théoréme 5,

page 275) l1a founction f peut éire dévcloppée en série de Taylor autour du point o,
séric qui est absolument et unitormément convergénte sur toute la boule fermée l_)p + A,

de centre a0, de ravon P <1, de lo form:: suivante:

n=0 n
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Si D > V est une founction vec’orielle holomorphe en D, on définit Ic
nombre M({) par \a relation:

6) M(f) = sup{}lf'(z)“(l - [zfz);z € D}

Par [ ‘espace des Bloch B( V) un comprund I’espace des founctions vectorielles de
variable complexe f:D — V, holomorphes sur D et pour lesquelles les valeurs du
nombre M(f) sont finies. L'espace de Bloch B(V) devient espace de Banach (sur C) avec
la norme suivante:

@ il = £, + M(D,Vf eB(V).
L’ensemble de founction [ € B(V) pour lesquelies on a la relation:

® hm f(z)( -1 )

est un sous-espace fermé de B(V), noté par By(V) . Joseph A. Cima et Warren
R. Wogen en [1] ont doné une caractérisation des points extrémaux de la boule unitaire de
I'espace Bloch B, (C).

Dans ce paragraphe, oo élargira cette caractérisation des points-extrémaux de la
boule unitaire de I’espace de Bloch By (V).

D’abord, on fera I'analyse des founctions normalisées par f(0)=0. On fern les
notalions SulVﬂnlCS.

0 B(V) = {f e B(V);£(0) - 0}
B(V) = Bo(VINB(V)

La norme de tout éiément { de B(V) est égale & M(f).
Premiérement, on curactérisern les points-extrémaux de la boule unitaire de

I'espace Bo(V) et puis ceux qui appartiennent 4 la boule unitaire de I’espace By(v).
Pour tout él¢ment f de la boule unitaire de I'espace B(V), onconsidére I'ensemble L
défini par la relation:

(1) Ly = iz € D;!Ef'(z')ii(l - lzjz) = 1}
On notetu par Uy, la boule unitaire fermée de 'espace B(V).

Théoréme 1. Soit V un espace Banach & norme uniformément convexe. Si f un

éiément de L. et il y a un nombre reél, positif R,R <, ainsi que I'ensemble
B(V)

L ﬂ{z eC/ lzl< R} cst infini, alors f cstun point-cxtrémal pour U_. .

B(V)

Démontration: Soient g, et g,, deux founctions de U. de sorte que
B(Y)

+
g b ' B2 on considére Z, un ¢1émen: quelque de Lfﬂ{z eC/ |4< R}

Puisque
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(an-f (2) :(l— z‘:) et g,(z);ﬁ(vl'fz':) g ic{l2}
il en résulte.

(1) if (2) 2 < [c,(z) +ig ,(7)]

En uulisant la relation d égalite:

f'(z)= —["1(2) + '2(1)] on obtient que:

(13) ut (z)u <-[lg,(z)|:+ug' (z)n]

Compte lenu des relations (12) et (13), on sura:

"t (z)l'——["gl(z)”+ llg (Z)“] et en utilisant les relations (11), on obtient le
résultat suivant:

a0 i @ =l @)= @=(1-27)”

Car le norme de l'espace V est uniformément convexe et consildérnnt les
relations (13) mais aussi le proposition 1. il en résulte que f (z) = g,(z) = g,(z) pour
tout élément z de  L¢ ﬂ{z eC/ jus R}. Puisque I'casemble de ces points Z est
infini, vu le principe du prologement nalytique, on aurn I'égalité suivante: f = g'l = g'z.

Mais, f,g, et p, apparticnnent & |'espace B(¥), et donc,

f(2)=g,(2) =g,(2). Donc, [ est un point-extrémal pour U_ .
B(V)
Corollaire 2. Si V est un espace de Banach ayant la norme uniformément

convexe, f cst un ¢éément de la boulc unitairc dc 1'cspacc Bo(V) et L cst un

ensamble infini, alors f est un point-cxtrémal pour la boulc unitaire de I'espace Bo(V)

Théoréme 3. Soit { un élément de 1a boule unitaire de I'espace B (V). Aloms, la
founction f est un point-extrémal pour la boule UBO(V)- si et sculement si une des

affinnations suivantes sont remplies:
(i)  est une founction constante de norme 1.

(1) £(0) =0 et la founction f est un point-extrémal pour la boule Bo(V).

Démonstration. Pour toute founction f de B,(V), la founction g (qui
represente la “o-rransiation de f * c’es- a-dire g(z) = f(z) — f(0) est un élément de

Bo(V). En utilisant ce résultat, on a:

(15) Bo(V)=Bo(V)+C, on par C on a noté I'ensemble des founction
constantes. Donc,
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(16) C= {hiD - V/h{z) = vo,vo € V,VZ € V)

Pour une founction f de Bo(V) on u I'écriture unique f=g+h, o g cst
définie par: g(2) = (z) — f(0)(V)z €D,g €By(V),et h &C et on le définit par la
relation h(z) = f(0) Vz eD. Consid:runt une founction f de la boule unitaire de
I'espace Bo(V), la norme de f est définie par la relation

Il = 1]+ M(D),

donc, 1a nome N de la Proposition 3. est I.l norme sur Rz. C’est de cette
maniére que (”10", M(f)) est un point-extrémal pour la boule unitaire de R? au sens de

ta norme L' si ct sculement si £(0) =0 M(f) =||f]=1 ou Jf(0)]=1 M(f)=0.

De ces relations, le Théoréme 3. résulte imédiatement.
Remarque 1. Considérons les normes suivantes, équivalentés sur B,y(V).

N
Powr | sp<eo et feBo(V) soit |f], = (JfOf +[MOF)e.

La Proposition 3. produit (engendre), dans le cas 1 < p < o0 une classe de points-

extrémaux essentiallement différente de celle du Théoréme 3.(p=1).C’est analogue pour
Iccasolu p=w.
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Central Limit Theorem and beyond it

CONSTANTIN P. NICULESCU
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CRAIOVA, CrAlOVA 1100

One of the fundamental results in Probabilty Theory is the Central Limit Theo-
rem, which expresses the universality of normal distribution. See [2] for applications
and a proof based on characteristic functions (actually the standard proof in all major
textbooks on the subject).

We shall indicate a proof of this result based on Semigroup Theory. Our argument
follows closely that in Goldstein [1], but we emphasme more on the role of functional
calculus with distribution functions.

Recently, Voiculescu (3], [4] succeded in creating a noncommutative analogue of
the Central Limit Theorem. This time, the role of normal distribution is played by
the so called semicircular law. We comment on the possible existence of a unifying
approach.

1. TuE CrLASSICAL CENTRAL LIMIT THEOREM
Let (2,Z, /) be a probability space. Given a real random variable X on {1, its
distribution function Fx is defined as

t)=P{X <t}.
2

The normal distribution of mean m and variance o is

e~le—m/20l g,

FN(m,a’)(’») =

1
aVvar
—oo
It is worthwhile to mention that

X and Y independent implies Fy,y = Fx » Fy

where the convolution of two distributions is given by the formula

(F'mG)(t):/RF(t—s)dG(s).
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CENTRAL LIMIT THEOREM AND BEYOND IT

Theorem 1. (The Classical Central Limit Theorem). Let X,, X3, ... be a sequence
of independent identically distributed random variables, satisfying the normalized
couditions

E(X,)=m and D*X,)= o>
Then

s £ troml®) " Frman )

L X

for allt € R.

Clearly, it suffices to consider the case where 1n = 0 and o = 1.

The proof depends on a functional calculus with distribution functions, which
makes possible to infer the above result froin Chernoff product formula.

Let § be the set of all distribution functions and put

E = BUC(R),

the Banach space (endowed with the sup norm) of all uniformly continnous bounded
functions f: R = R
The functional calculus with elements of § attaches to each F' € § a contraction

Fe L(E.E), F(f)(s /f(»—fdf()

Let us mention here two basic properties of this functional caleulus:

F,, — F at all points of continuity of F' < F, 5 F
FYG=F-G.

Consider the operator A = ; . ‘: Y owith domain D(A) = {f|f. . f" € E}. Then
the Co—semigroup (7°(4)}»o0 attached to the Canchy thlmn

du
m = Au
u() = fefF

verifies the formula o
T f = F/\'u),,)(f) for all t > 0.
In fact,

T()f = ¢;——,

fle - y)e'”z/"" dy forallt >0

~&1-
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CENTRAL Liarr THEORENM AND BEYOND IT

Let G be the common distribution of the X, 's and for n € N* put
Ga(r) = G(Vn ).
Then G, = Fx,; s for all k € {1, ..,n} and

/RdG,.(r) =1
/erG,.(r)
/l;r2 dGn(r) = E ()7(%)2 = %

By the remarks above, the Central Limit Theorem is equivalent to

|

tx
—
S
~—

I

o

F . = Fron)-
:}:.);‘Xk
Or,
F7‘= ):..: X = (F_‘.l/ﬁ x % Fx,./ﬁ) -
k=1

(Gn¥...2Gp) =G,
so what we have to show is —_
Gn f»T(l). (1)

That will be done using Chernoff’s Product Formula.
For, notice first that each operator n(G, — I) is the generator of a contractive
Cp— semigroup. In fact,

”en((“:j._l):“ — e M. ||e"‘(7~"|| <e™ _enmé;u <1
for every t > 0.

Lemma 2. lim n(@:,f — f) = Af, for every f € D(A).

n—2

Proof. We have

n(Gaf - f) - Af] (@)

n- [f(r —-r) = f(z)+1f'(z) - T—zf”(z) dGn(r)
A :

L

nT2
|5 16) - @) 4Gt
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CENTHAL LIMIT THEOREN AND BEYOXD 1L

the last step heing motivated by Taylor's Forinula. Letting 1) (vespectively 1,) the
last integral over |r] < & (respectively [r] > 8) we have to prove that Jy b [, 0 as
Hn o 0.

Or, from the uniform continuity of f* we infer that

i< 28 [ 2 < 258
- 2 Jiri<s - 2

For I; we have

|2

IA

"y, n 2dG" r) =
T /M 2 dG(r)
- ||f"|l-/- (Vo - P dG(v/m - 1) =
VA2 yné

W1l - / 2 dG(s) — 0
Il> v/m-5

asn — oo. B
Now the convergence (1.1) can be deduced ensily froin the following two resnlts,
applied for V, =G, and C = A :

Lemma 3. (Chernoff Product Formula). Let V), V., ... be a sequence of contractive
operntors of L(E, E) and supposc there exists an operator C . D(C) - E generating
a contractive Co—semigroup (T ()0 such that
C(z) =lim n{V,(x) ~ &1 for every £ € D(C).
n—no

)

Then
lim e™ D T(1)r for every o ¢ F.
LIRS o}

Lemma 4. If S € L(E, E) and ||S]| <} then
[Je"~ D sl < VoilSe |
for ench z € E and cach n € N.

We end this section by statimg anotheyr form of the Central Limit Theorew:

Theoremn 5. Suppose that Xy, XNa, .. is a scquence of independent random variables,
such that N € (., 170 E(XG) = 0 for all boand

l n .
lim -~ Z DAHXL) =a® s,
P

n-ex N

. 43-

https://biblioteca-digitala.ro / https://unibuc.ro



CeNTRAL LIMIT THEOREM AND BEYOND 11

Then for every k € N,

. X1+ ..+ X, k 1 / k_-21/20?
lim E = e /4 drx
n—+00 (( vn )) oV2r Jn

i.e., the kth moments of 5‘*7"-*1" tends to the kth moment of a (0,0%)— normal
distribution.

2. FREE PROBABILITY THEORY

A noncommutative probability space is a pair (A, @), where A is a unital C*— algebra
and p : A —C is a linear functional with ©(1) = 1; the elements of A are called

random variables.
Let a € A. The distribution of a is defined as

Be : C[X] = C, p(p(X)) = ¢(p(a)).

Ifa € A, aa’® = a'a, then by Riesz Representation Theorem there exists a unique
probability measure v on o(a) such that

o(f(a)) = /  JOd0) foral / € Clo(a).

In this case, we can identify u, and the corresponding v.
A sequence (a,), of random variables is said to be convergent in distribution to a
random variable a if

Han(P) = p4(p) for every p € C[X].

Let (Aa)a be a family of unital subalgebras of A. The family ls said to be free
provided
w(ai...an) = 0 whenever a; € Ay, the a(i) are distinct
and p(a;) = O for all i.
A family of elements is said to be free if the family of unital subalgebras they
generate is free.

With this preparation we are now able to state Voiculescu's Central Limit Theo-
rem for free random variables:

Theorem 6. (The Noncommutative Central Limit ’;I'heorem). Let (A, p) be a non-
commutative probability space and let a,, a3, ... be a free family of random variables.

Suppose that
wlar) = 0 forallk
sup gp(a;) < oo forallk>2
21

Gl
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i
RN 2 2
nln-l':x, . Z¢(u]) =re/1
)3

for some v > 0. Let
a + ... +a,

W

Then (Sn)n converges in distribution to the semicircular distribution v,, where

S" =

2 r
Mﬂ=m/HW—MxMMh

The proof of the above theorein depends upon a functional calculus with distrib-
utions, this time having values forimal series.

Lct a, bt 2 free random variables. The additive free convolution of the distributions
#, and ji, is

o By = gy

Additive free convolution is associative, commutative and has neutral element.
Let u be a distribution. Then the R—transform of y is the formal power series

Ru(z) = oy + agz + ag2® + ..
defined as follows: Consider the formal power series
oo
GulQ) ="+ Y m(XMCH Y
k=1

as a formal power series G, has a unique inverse (with respect to compasition) of the
form

1
Ku(2) = stz oz + .
and we put

Ru() = Ku(2) - .

Lemma 7. The R—transform provides a scmigroup homomorphism from the set
(X,8) of all distributions under additive free convolution to the set (fps., +) of
formal power series under addition, which is one-to-one and onto.

The above lemma shows that (£, 8) is actually an abelian gronp.
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ON THE BISHOP - STONE WEIERSTRASS
APPROXIMATION THEOREM

Gavriil PALTINEANU

Department of Mathematics, Technical University of Civil Engineering of
Bucharest, ROMANIA.

The Stone - Weierstrass theorem is one of the principal pillars
of modern analysis. Many generalizations of this important theorem
have evolved since its discovery by Marshall Stone in 1947.

We recall the Stone - Weierstrass theorem for real case.

Theorem 1. Let X be a Hausdorff compact and A c C(X,R) an
algebra with the properties:

a) A contains the constant functions;

b) A separates the points of X i.e., for any x,yeX, x=y there is
acA such that a(x) = a(y).

Then A = C(X,R).

A proof of this theorem, which makes use of the means of
functional analysis was given by L. de Branges.

L. de Branges has established the following lemma:

Lemma 1 (L. de Branges 1959). Let F be a vector subsgace
of C(X,R), B the closed unit sphere of M(X.R)=[C(X,R)] and
Me Ext{FOmB}. If ge C(X,R)is such that gneF° then g is
constanton S, - the support of .

The conclusion of Theorem 1 is false in the complex case. Let
X=D={ze ¢ lzZ<1} and let H be the algebra of all he C(D,C)
which are holomorphic in the interior of D. H is the uniform closure
of the algebra of all polynomials in the complex variable z.

Obviously, H fulfils the assumptions of Theorem 1, but
H = C(D,C), because the function f(z) =Rez, zeD is not in H.

The conclusion of Theorem 1 still holds in the complex case if A
is self-adjoint i.e., feA implies f € A.

Definition 1. A subset S of X is called A-antisymmetric if every
fe A, real - valued on S, is constant on S.

Let f|S be the restriction of f to S and A‘S = {f‘S; te A}.

- 47 -
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In the 1961 Errett Bishop extended Stone-Weierstrass theorem
to the complex case.

Theorem 2 (E. Blshop). Let A be a subalgebra of C(X.C) that
contains the constant functions. Then:

i) there exists a pairwise disjoint partition (S,)ic, of X formed by

closed maximal A-antisymmetric sels; L

ii) a function t € C(X,C) belongs to A iff {S,e AlS, for each

iel

Remark 1. /f A is self-adjoint and A separates the points of X,
then every A-antisymmetric set is a singleton, and thus every
f e C(X,C) trivially satisfies t|Si € AlS. for every ie |, so feA; that is
A = C(X,C).

The original Bishop's proof of Theorem 2 is difficulty of
understood, because it is based on transfinite induction.

Glickesberg is the first who has given a reasonable proof of
Theorem 2. His proof is based on the following lemma:

Lemma 2 (I. Glicksberg). If pne Ext{AomB}, then the support
of i is A-antisymmetryc set.

Some “elementary” proofs of Bishop's theorem were given by
R.B. Burckel (1984) and T.J. Ransford (1984).

In 1971 J.Prolla generalized Bishop's theorem for weighted
spaces and the following version of Theorem 2 is due to Silvio
Machado in 1977.

Thearem 3 (S. Machado). For any f € C(X,C) we have
dist(f, A) = supdist{|S;, AIS;).
il

Obviously, dist(f,A) = inf{if -alae A}=0 iff fe A, and
therefore. Theorem 3 is a generalisation of Theorem 2.

In 1978 G.Paltineanu extended Theorem 2 considering instead
of subalgebras A of C(X,«C), the vector subspaces of C(X,C).

Definition 2. Let F < C(X,C) be a vector subspace. A subset S
of X is said to be F-antisymmetic if every feF with the properties:

a) fiS is real valued;

b) fg:S € FIS for any geF;
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is constant:S.
Theorem 4. Let F be a vector subspace of C(X,C). Then:
i) there exists a pairwise disjoint partition (T )., of X, formed by
closed maximal F- antisymmetric subsets;
. i) for each fe C(X,CC) one has :

dist(t,F) = sup{dist{f{T, F{T); ie ]

D.Feyel and A de la Pradelle extended in 1984 the Bishop's
theorem for a convex cone.

Definition 3. Let C c C(X,R) be a convex cone. A subset S of
X is said to be C-antisymmetric if every feC with the properties:

a) 0<flS<1

b) g+ (1-)gS e CIS for any g,heC

is constant on S.

There exists a pairwise disjoint partition (Us)a of X, formed by
closed maximal C-antisymmetric sets.

Theorem 5. For any f e C(X,R) we have
dist(f, C) = sup dist{flUy, ClUq ).
a

It is well known that if | is a closed ideal of C(X) then there Is a
closed subset S of X such that | = {f e C(X); fIS=0}.

Therefore, there is a one - to - one map |£—5S from the
family of the closed ideals of C(X) onto the family of closed subsets
of X.

Starting from this remark, C. Niculescu, G. Péltineanu and
D.Vuza extended in 1993 Bishop's theorem for M-ideals in Banach
spaces. In the sequel we shall present a version of this theorem for
Banach lattices.

Let E be a Banach lattice. The centre Z(E) of E is the algebra of
all bounded endomorphisms Ue L(E,E), i.e those U for which it
exists A > 0 such that [U(x)| < Alx for all xeE. We define the real part
of the centre by:

Re Z(E) = Z(E), - Z(E),.

For each closed ideal | of E we denote by r, the canonical map
mE>E/L .

Definition 4. Let F be a vector subspace of E. A closed ideal |
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of E is said to be F-antisymmetric if for any Ue Re Z(E /1) such that
Um(F)) < my(F)
it follows that there exists ae R such thatU =a i, ,.
We denote by A the family of all closed ideals of E.

antisymmetric with respect to F.
Wae can prove that every |e#,. contains a unique closed minimal

ideal JeA..

Let 4 be the set of all minimal closed ideal of E, antisymmetric
with respect to F.

Theorem 5. Let E be a Banach lattice of (AM)- type and let F

be a vector subspace of E.
For each xeE we have:

dist(x,F) = sup{dist{m(x),;(F)); le 4}
The proof is based on the following lemma:

Lemma 3. Let B={te E’ |l < 1}andt e Ext{F° nB}. if we
denote by | ={x € E;Ifl(ix)) = 0}, then le#,..

Remark 2. Let E=C(X), S a closed subset of X and
lg = {f e C(X); fiS = O} the corresponding closed ideal of C(X). Then,
rqs(f) =f|S for any feC(X). We also have Z[C(X)] =C(X). Now it is
clear that Theorem 4 extends Theorem 3.

A version of Theorem 5 for a convex cone In locally convex
lattices of (AM)-type, was given in 1996 by C.Niculescu,
G.Paltineanu and D.Vuza.
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THE DUAL SPACE OF THE HARDY
SPACE GENERATED BY A
REARRANGEMENT INVARIANT SPACE
X AND SOME APPLICATIONS

NICOLAE POPA

Abstract

Let .X be a rearrangement invariant space (in short r.i.8.) elther on
R or on {0, 1]. First we introduce the real Hardy space Hy generated
by X (respectively the dyadic Hardy space Hx (d)) and we show that
the dual of Hy (respectively of Hx{d)) can be identified to Hyx, (re-
spectively to fx:(d)), X’ being the associate space of X, in the case
X ar.i.s. with an absolutely continuous norm and such that ¢x < oo.

We use this result in order to show that Hy ( respectively Hx(d))
is not isomorphic to a r.i.s. Y on [0, 1] as Banach spaces, improving a
previous result of the author [Po2).

1979 J. O. Stréomberg [S] gave a descripiion of the dual space of a Hardy-
Orlicz spaces I, @ being an Orlicz function. In order to do this Stréomberg
introduced the space L., an extension of the well-known BMO-space.

Using the ideas contained in [S], [FJ] and [FS] as well as some techniques
developped in (Pol] we extend the Stromberg's result to a ri.s. X with
an absolutely continuous norm and having the upper Boyd index ¢x < oo.
Further on we show that the correxponding Hardy space Hy (its definition
will be given later) is not isemorphic to any r.i.s. ¥ on (0, 1], improving an
carlier result from [Po2].

We note that the space Hy, in its dyadic version, inherits many properties
of a ris. Y (see [Pol]), so it is natural to ask if /[{x and Y are or nol

izomorphic as Banach spaces.
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Now we recall some notions and definitions. For the unexplained termi-
nology we recommend (LT} or [BS].

Lex X be a r.i.s. either on R or on [0,1]. The more natural examples of
r.i.s. are the Lebesgue spaces LP, 1 < p < oo.

We use the Boyd indices px and gx and we recall their definition ( see
[LT),.[BS]) in the case X is a r.i.s. on R.

Let f:R 5 Cand s > 0. Put D, f(t) = f(t/s) Vt€ R.

Then D, acts boundedly on X and we put:

log s log s
= lim ———— lim —————
PX =R iogIDullx T 2% Tog 1D,

and remark that 1 < py < gx < oo and (px) = gx-, (¢x)' = px+, where X’
is the associate space of X and p’ is the conjugate number for p.

If X = L” we have px = qx = p.

Now we use thw following notations from [S]. Let 0 < r < 00,0 < s < 1
and Q be an interval in R. Then put, for every Lebesgue measurable function

5 "
M!/(z) = supinf [IQI J 1) = er dy]
for z € R; and

M;,f(x) = sup infinf{a 20: |{y € Q:|f(y) — <l > a}| < 4|Q]}.
Qarc€

Our task is to show that some results from [S], [FS] and [T] can be
extended taking a r.i.s. X on R instead of LP or of an Orlicz space L.
The following lemma is well-known:

Lemma 1 (See [LT], [A]) Let T be a quasilinear operator bounded on L=(R)
and of the weak type (p,p), where 0 < p < oo. If px > p then there is a
constant C > 0 depcnding only on T and X such that T maps X into X and

ITfllx < Clifllx  Jor every f € X.

Note that Lemma 1 is an extension of Lemma 2.2 -p.514-[S].
Next we extend Lemma 3.9-p.523-(S] and for the convenience of the reader
we gave its proof:
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Proposition 2 Let0<r<ac,0<s</2andlet N be aris on = osuch
that px > r. There crists the constant C > 0 depending only on v and X,

such that

A Flix < ClIM filx

for all f satisfying ||M3,fllx < oo.

Moreover all the ezpressions ||M)f||x, such that 0 < r' < r, and all
|IM3,fl|x, with 0 < s < 1/2 are equivalent quasinorms of f if M}fe X and
ifr>1.

Proof We have
(1) M!f(z) S CM M} f(z)

for all r € R, C > 0 depending only on r with 0 < r < r’. (See Lemma

3.7-[S}.)
Now let px > r' > r and let

l 1/p
Mys(e) = sup (1 | ey

for 0 < p < o0. Since we know that M, is bounded on L*(R) and of weak
type (p,p), 0 < p < oo (see for instance [S}-p.518) we apply Lemma 1 to
T = M, and we get

(2) IMAME,flx < CillM3.flx
under the above conditions.

By (1) and (2) we get the first part of Proposition 2.
For the second part let us remark that

sg™(z) < /Ry(l)"ﬂ

for all 0 < s < o and all 0 € g Lebesgue measurable functions on R, ¢~
being the decreasing rearrangement of g, i.e.

“(s) = inf t)l.
g7(s) = inf sup_lg(t)

Take now g(y) = |f(y) — clxq(y) for y € R and s = ¢|Q|.
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We get
_LUW)—dwyZUf—dnum»Luon

thus

. 1/p
(Ié_l-/q |f(y) - c|de) > tllPinf{a >0;{yeQ:|f(y)—c| >a}| < t|Q}
and

t'/°M; f(z) < M}f(z) VzeRandte(0,1)

Finally we get ||M!f]lx > t'/"||M3,flix forall 0 <?<1/2and 0 <r <
o0. Consequently ||M!f|lx ~ |IM3,fllx for al 0 < r < px,0 <s < 1/2
(with coustants depending on r and s) and all f such that M._-',I,f € X.

If r > 1 and ||M}||x < oo, then [|M".f||x < oo for all #' < r. So Propo-
sition 2 is proved.

Now we have the following version of Theorem 3.1 -[S). (Sece also [FS].)

Theorem 3 Let X be a r.i.s. on R such that gx < 0o0. Let 0 < s <1/2 and
let 0 < r < 0o. There is a constant C > 0 depending on X and r such that

M. flix <ClIMMllx  forall f € X,
if the right side of the above inequality is finite.
Proof We use the lechniques developped in [S] pp.526-527 and we get:
(1) Hr e R;M (S - ay)(z)>a'}| <

ba’

<cy cB~")* R; A} —
< kX;;( )'Hy € f(z)> CB}l

for all &' > 0, b =2-%r-37 w)ere
ay = 'Ql;ﬂmm my(Q),

m; being the median value of f, i.e. my(Q) is a real number (if f is real)
such that

e € @ fa) > myQ) < 51!
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and

Iz € Q. 1(x) < my(@) < 5101

But (1) can be written also like this:

“Mv(l—-/)(al) < E(CB-')kl‘cag-hM,'](a')
k=0
for all @' > 0, using the notation py(A) for |{z € R;|f(z)| > A}| and by the
well-known relation between f~ and u; we have:

A
(1) [Mc(f —ap)]”(A) < Z(CB&'*M')"' (m) VA >0.

k=0

(1') is equivalent to:
@) [M(f - apl" () € 3 CB6Daog—-+(MH)"(3)
ka0

for all A > 0.

Since gx < 00, (3)a > 0 and 39 > 0 such that ||D,||x < s'/* for all
3 < 9.

Then, by (2), we get

IM.(f - ap)llx < 3 CBY*2CB"Y*\Mf|x < C:lIMY |l
I T-0}

for a sufficiently large B > 0.
If

= li >0
lagl = Jim jm/(Q)|

then, since ||f — a;|lx < C1||M!f|lx < oo, it follows that f — a; € X, i.e.
aje Xif fe X.

Then the function 1 € X and 1 < ||D,]|x < s'/* for 0 < 3 < 89, which is
impossible.

Thus a; = 0 for f € X and Theorem 3.1 is proved.

Let u(z,t) be a harmonic function on R, I' the cone I'(z) = {(z’,t); |z’ -
z| < et} and

u(z) = sup Ju(z',¢)}.
(<" )€ ()
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Now for X a r.i.s. on R with gx < 00, let us put
Hx := {u(z,t) := (P, + f)(z); for z € R;t > 0; where f = i+ THA

with |f1llx, HH fillx < oo},
where P,(z) is the Poisson kernel on R, H f is the Hilbert transform of f:

Hf(z) = —lms_/ _(ﬂ%—_—t

On Hy we introduce the norm

lullay == Aillx + 1 H Allx.

Then arguing as in [FS|pp.185-187 we have the following extension of
Theorem 11-(FS].

Theorem 4 Let X be a r.i.s. on R such that gx < oo. Then for each
function f we have the equivalences:

(A) ut(z):= sup lpe* f(z)l € X

Jor some ¢ a fast decreasing function such that [y p(g)dz = 1.
(B) v eX.
(C) f(z)= li_r.r(}u(r,t), where u € Hy.

Moreover
Hutllx ~ Jlullmy ~ llu®llx.

Recall now the definition of Triebel-Lizorkin spaces, however in our, more
general, situation.

Let X be ar.is. on X with gx < 0o. Then we denote by F;}", and call it

the Trickel-Lizorkin space generaled by X the following:

Fo = {f R Clifllper = inf  floup| 3 [F-ou- F(+ PP
X P polynome >0 \, 7
< oo}
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where Y‘k(.l‘) = ..),er‘)(_)Ll) r e K. P € S (S 1s the Sclowartz NEIXRE with
supp Fp = {27" < |£] £ 2}, Igheing the Fourier trausforin of .

The definition of Fy7? in the case X = L”, was given in [Pe]. [1]. [17)].
If we identify u = P, f € Hy with f: R = € such that fy + 1l }, = /.
and consequently Hx = {u = Py« f} with Hy = {f : R = Csuch that f, +
iHf, = f, with |[|fillx + ||H fiflx < oo}, we have: (Such a identification is
a known fact; see for instance [G], chap.Il.)

Corollary 5 Let X be a r.i.s. on R with gx < oo. Then, with equivalent

norms, we have
Hy = F;".

The proof is essentially the same to that given in [T] or [Pe] and uses the

equivalence (A) & (C) in Theorem 4.
In the next corollary Hy is also considered as a space of functions on R;

Corollary 8 Let X be a r.i.s. on R such that gx < 00. Then we have the
equivalences:

L lle ~ M fllx ~ IMIS11x 4+ 11 f1Lx-

ProofSince M, is the well-known Hardy-Littlewood maximal operator we
have u* < CM, [ if u(z,t) = (P, * f)(z). (See [G], [BS}.)
Thus by Theorem 4 and remark before Corollary 5, we have

I llae ~ lu’llx < ClIMfllx.

The converse of the above inequality follows from Riesz factorisation The-
orem: If F € Hx, where X is a r.i.s. on R with gy < 0o, then F = BG,
where B is a Blaschke product and G(2) # 0 for all s = z +it, t > 0 and
moreover ||Flli, = Gl

Take now G, = BG'?, G, = G"? and by Riesz theorem we have
IGillngs = IFILZ, i = 1,2 and F = G\Ga. (Here X3 = {f : |f" € X)
with the norm ||f]|x2 = || 1f11I¥?)

Let f be the boundary value of ¥ € Hx. Then f = g,¢,, where g; are the
boundary values of G, and M, f < Mg, - M,g,.

Consequently

UM flIx < lMagillxs - 1 agallxs < ( since pxa = 2px 22> 1) <
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‘. -y -y p ] ' 1/2 . 5 '
< Cllgllxe - Ngallxs = CHGUIHE - NGall}: = CNFllny < Cull Iy -

Hence the first equivalence is proved. In order to prove the second It us
note that M} f < M, f, thus

M lx + 11 Alx < 21IMSlx
and we should show only that
My fllx < CUIMfHix + 1S 1Ex)-

But this is precisely the statement of Theorem 3. _
Now we can give an extension of Lemma 6.1 -[S]-p.542:

Lemma 7 Let X be a r.i.s. on R such that gx < 0o and moreover assume
that the norm of X be absolutely continuous (i.e. if E, | P then ||xe, fllx 1 0
fordall fe X).

Define

HY = {f € Hx: such that Ff € CZ and F f =0 on some

neighbourhood of 0}.

Then HY is dense in Hx.

Proof By Lemma 2.1-[FJ] and by Corollary 5 it follows that for each
f € Hx we have )

T =3 </, 0q > vq,
Q

where @ runs into the set of all dyadic intervals in R, po(r) = |Q]~"/3p(2*z —
k), (and similarly for ¢g), where

Q=Qui:={reRk<2r <k +1}), kreZ

Herep, v € S(R), supp 'z, Fy C {€ € R; 27" < [€] < 2}; [F (&) |1 F0(€)] >
c>0for 3/5 <€) <5/3; and

Y Fo(ZEF(2€) =1 if€ #0.

vel
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Using the estimate for the Peetre functional given in par.G-[FJ] for the

couple (Fo poay )
1 oo

and the similar estimate for the spaces:

={R2C = Zaqhq, such that ||f||luz- “(ZIIQI ) ?x < oo},

where hq is the L3-normalized Haar function supported by @, we get that
Ty : I3% = F3? given by

TW(") = ; "QhQ|

acts boundedly.
(Here, of course, we identified f € f%? with the sequence s = (sg)q such

that f ZSQ’IQ )
Q

X having an absolutely continuous norm it follows that Y sqhq —
Qe4

Y sqhq, if At {Q:Q runs over dyadic intervals }, in the norm of /3. By

Q
the boundedness of Ty and the absolute continuity of the norm of X it
follows that Z < f,pq > ¥gq converges to f in the norm of Hx. Since

Q
Y < /,0q9 > ¥q € HY for A a finite set, we proved Lemma 7.,

QcA
Now we describe the dual of Hy, under rather mild restrictions about X,

extending Theorem 5.1-(S]-p.533.

Note first that there are r.i.s. X on R (or, equivalently, on R,) such
that ¢x < oo without an absolutely continuous norm. For instance take
X = (L.1)'(0,00) where w(t) = t~'/? and L,,(0,00) := {f : Ry —
C f5° [~ (Ow(t)dt < oo}.

Then it is known (see [LT]) that px = ¢x = 2 and X contains a sub-
lattice isomorphic to £, consequently the norm of X cannot be absolutely
continuous.

Before giving the dual of Hx we need to extend the definition of Hy for
a general r.i.s. X on R.
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Definition 8 Let X be an arbitrary r.i.s. on R. Then Hy is the set of all
classes [ f], modulo the constants, of Lebesgue measurable functions on R such

that ||M: f|lx < oo. On Hy we put ||f|lny := 1M} f]]x.

The definition 8 extends the previous definition of Hx for an ris. X

with gx < oo, view Corollary 6.
Indeed let us put [Hx) the set of all classes [f], for f € Hx, where gx < oo.
Then the formal identity map

o (Hx 1+ ML) = ((Hx) M)

given by J(f) = [f] is a bijective and bounded map, as is casily seen. (The
injectivity of I follows [rom the fact that a constant function ¢ belongs to X,
with gy < 0 iff ¢ =0.)

But ([Hx],1|M}f||x) is a Banach space and by the open mapping theorem
I is an isomorphism and we may identify Hy with Hx given by Definition 8
if gx < oo0.

From now on we consider Hy as a set of classes of functions rather than
a set of functions.

Theorem 9 Let X be a r.i.s. on R with an absolulely continuous norm and
such that1 < px < qx < 0o. Let X' be its associale space and H}. C Hy the
dense subspace given by Lemma 7.

Then we have: (1} for every linear and bounded functional £ on Hy, there
is g € Hy+ such that

€ = [ S)wide
Jor each f € H} and morcover
Hgllu,. < ClIEI.
(2) If g € Hys, then
GU) = [ fe)gads
Jor [ € HY, can be extanded to a linear and bounded Junctional on Iy and
6ll < Cllgllm -

The representation given by (1) and (2) is unigue, i.c. (o =0 gis
constant.

-
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Proof(1) it fullows exactly in the same way as in [S]-531 since the analogon
of Lemma 4.2-[S] follows from Proposition 2 and Definition 8, using the fact

that px: = (¢gx)' > 1.
(2) 1t is sufficient to show that

| [ f@g(2)dz] < Cll Sl - Nollny.

for f € H} and g € Hy..
The arguments of {S] work also in our case. We use the notations from
[S]- Theorem 5.1. Using the proof of Proposition 2 and the facts proved in

[S]-p.536-538 we have that
[18%,]1x+ < Cl|Mo., M!gllx: < (since My, is bounded on X’) < C||M}gl|x:

= ( by Definition 8) = C||gl{n,..

Since Lemma 4.6-[S])-p.531 has an almost verbatim extension for an arbi-
trary r.i.s. X with gx < oo, we have

[1S%u;||x < C|[Mo.,Sousllx < ClISeuyslix < Cllugllay,

consequently, arguing as in [S}, we have (2).,

Remark Theorem 9 is still true if the band of elements with an absolutely
continuous norm X, is nonvoid, replacing Hx by Hx,. So we can identify
(Hx.)* with Hy..

Now we recall the definition of dyadic Hardy space Hx(d) generated by
ar.is. X on R. (See [Po2].)

For f = Z sghg we note by

Q

2
mn=wp (3 B (@

q dyadic interval Qcr PcqQ

S~ being the decreasing rearrangement of f.

(Note that in [Po2],[FJ], m(f) has a sligthly different definition, the func-
tion which enters in definition of m(f) being computed in lgl, but this change
is not important for ours aims.)

Then we have:
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Definition 10 Lo/ X be a rias on K. Then we pul

Hy(d) == {f: R — C;,f Lecbesgue measurable such that

f=Y sqhq and |||flllux := lIm(f)llax < o0}.
Q

We have Lhe following interpolation result:

Theorem 11 Let X be a r.i.s. on R. Then there is a linear operator U in-
dependent on X such that U : Hy — Hy(d) be a Banach space isomorphism.

Proof Since there is well-known that there is a simultaneous isomorphism

U: Hy — Hy(d), U : BMO — BMO(d). (see [M]) we have:
K(1,Uf; H\(d), BMO(d)) ~ K(t, f : H,, BMO).
By the known fact (see [FJ]) that
t
K(t, [ : Hi(d), BMO(d)) ~ / m(f)*(s)ds,
[}
we have
K(t,Uf: Hi(d),BMO(d)) ~ K(t,m(Uf); L', L*™).
By Corollary 5 we have that Hys coincide with F:" in the sense of [FJ], for
1<p< oo
View Theorem 2.2-[FJ] it follows that
K(t, f; Hy, BMO) ~ K(t, fy; Hy(d), BMO(d)) ~ K(t,m(fy); L', L*),
where f; := Z(Swf)qhq, Sof = (< fipq >)q, < -, > being the scalar
Q

product in L?, and pg being described in the proof of Lemma 7.

These results and the fact that X is a monotone interpolation space for
(L', L), in the sense that if K(t,g: L',L®) < K(t,f: L',L=)and f € X
then it follows that g € X and ||gl|x < ||fl|x, give us:

llm(UN)x ~ lm(fi)llx.
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But from (V]

/s ~ 11Tz ~ (o) e

then:
WU Ay ~ WS lHx o

Now we can prove an analogon of Theorem 10 for dyadic Hardy spaces:

Theorem 12 Let X be a r.i.s. on R with an absolulely continuous norm
and such that qx < oo. Then ils topological dual Hx(d) can be identified to
Hx:(d) by a Banach space isomorphism V non depending on X.

Proof By Theorem 11 it follows that there is an isomorphism U : F?" “
£7? (see the proof of Lemma 7 for corresponding definitions) non depending
onr.is. Y on R.

Then view of Corollary 5 and Theorem 9 we have

(Hx) = (F3) & Hx
1 U tuetu
(Hx(d)) = (/) & Hx(d)

Here V is defined by the commutativity of the diagramm before. V is obvi-
ously an isomorphism.,

Now let X be a r.i.s. on [0,1] such that ¢x < 0o and such that its norm
be absolutely continuous. Then it is known that there is a r.i.s. Y on (0, 00)
such that Yo ,) = X (i.e. if f € Y, its decreasing resrrangement f~ be such
that f~ - x0.1) € X and ||f]x ~ ||/~ x(ou)llv.) Moreover if f € X then for

_ | f(z) z€(0,1)
T(I)_{ 0 T € {1, 00),

we have | [y ~ il (See Theorem S.4-[JMST]).
Then il X is as before and f = Z 3qhqg, f € Hx(d) it follows that

Qcl=[o.1]
sn |2

7(1‘) = o;[ SQ’IQ and b(]’) = (Q‘;c' %I\.Q)lﬁ = S(f) € X.
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Obvienshy [S(T) xa](t) = S(£)(8) for t € {0,1], so S(f) € Y (0. ),
and 1SNy ~ NS, so T € ly(d), i.e. the map [ — [ from H oy (d)
into Hy(d) is an isomorphic embedding.

Moreover Y has an absolutely continuous norm, because il g, ! 0 and
f €Y, then 0 < (fxe.)™ € ™ X(o,Ea) Which implies, for |En] €1, that

1 xedly = B xe) "My SN x@iganllx =0
By Theorem 12 we have that

. . . Hy(d)
(Hx ()} ~ (Hy ()] (Hx () ~ s

where [Hx(d)]° is {f € Hy:(d) so that /thth =0forall QC I}

Then we havefor f = Y sqhg € Hy(d), where A is a finite st of dvadic
Q€A

intervals, that the class [f] € —gﬁg% coincides with [f;], where f; = )_ sqhq,
Q€A

or even to [i.
But suppm(fi) C [0,1], so

[ gm(sde < [ gmis) e =

= /0'” g~ ()m(f1)~dt < (since m(f,) € Y') <

S g™y - () Eve = lgllx - lim(A) [l for all g € .

Then m(f1) € X’ and ||filluga) = Im(SYlxe ~ {filln,., which in turn
implies that the dual of [Hx(d)]" can be ideutificd witl: the completion of
{finh= Z sghg, A an arbitrary finite set of dyadic intervals in (0, 00)}

Qea,Qc/
for the norm of Hy (d), that is with f/x.(d) itself.

So we proved the [ollowing theoremn which extends a previons et of

[Po2).

Theorem 13 Let X be a r.i.s. on [0,1] with an absolutely continuous norm
and gy < . Then the topological dual space (Hx(d)]" is isomorphic in a
natural way to Hy(d).
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Now in the same way as in {P02] we can use Theorem 13 in order to prove
the following extension of Theoremn 4.4-{Po2] and of a well-known result of

Bourgain {B]:

Theorem 14 Let X be a r.i.s. on [0,1] with an absolutely conlinuous norin
such thal gx < & Then Hy(€?) is not isomorphic as Banach spaces to Hy.

We recall that
Hx(f*) := {f = (fi)21; i € Hx;such that ||fllnye) =
= 1) Ity < 00},
where ||(z:|f.-|’)‘/2 is given by Krivine functional calculus in the Banach

lattice Hx(d), ordered by f = Zaqhq >0iff sg > 0forall Q.
Q

We remark that Bourgain proved Theorem 14 only in the case X = L'.
Similarly to [Po2] we derive then:

Corollary 15 Let X be a r.i.s. on [0,1] as in Theorem 1{. Then Hx(d) is
not isomorphic as Banach spaces to anyone r.i.s. Y on [0,1].
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DISSIPATIVE AND ACCRETIVE OPERATORS ON
LOCALLY CONVEX SPACES

Mihal Voicu

R S Phillips [9] introduced the notion of dissipative operator on a
Hilbert space in 1959 and apllied it to hyperbolic systems of partial differential
equations. Later G. Lumer and R.S.Phillips [6] introduced a new notion of
dissipative operator on a Banach space in 1961, with respect to a semi-inner
product compatible with the norm and used it to characterize the generators
of Co - one parameter contraction semigroups. Almost simultaneously,
accretive operators on a Hilbert space were introduced and applied to
differential operators.

In 1972 F_ Hirsch [3] defined the notions, of M-codissipative
(resp. M-dissipative) operators with raespect to the norm and used them to
characterize the limit operators of the L, (resp. L,) resolvents, including the
abstract potenlials and generators of Co-semigroups.

In this paper we introduce the notions of accretive and dissipative
operators on a locally convex space

In the first section some basic properties are presented. The second
section is dedicated to Ly and L, resolvents and their limit operators. The last
section is devoted to resclvents and potentials on fo(X). The accrelive
operators are used to characterize the limit operators of the L, resolvents,
while the dissipative operators are used to characterize the limit operators of
the L. resolvents Corollary 38 and Corollary 39 cover similar results
obtained by Hirsch in (3]

- 68 -~

https://biblioteca-digitala.ro / https://unibuc.ro



MIIAL VoIt

1.Basic properties

Throughout this paper X is a real or complex Hausdortf locally convex
space, whose topology is given by the directed family of seminorms P=(p.,).
ﬂ.t:A.

Definition 1.1 A linear operator V.:D(V)—>X is called dissipative (resp
accretive) if for every acA, there exists M(a)>0 such that p.(Ax) s M(a)p.( *x-
Vix))

(resp. p.{ AV(x)) sM(a)p.( x+2V(x) ) for all >0 and xeD(V).

Remark 1.2 If X is a normed space we will find the concepts of M-
dissipativity (codissipativity) introduced by F.Hirsch in {3/.

Proposition 1.3. Let V.D(V)-» X be a linear operator. Then the
following assertions are equivalent:
1. Vis dissipative.
2. (-V) is accretive.

Proof We suppose that V is dissipative. Let oA xeD(V) and }. 0. We
have AV(x)=AV(x)-x + x.

Let acA, xeD(V)  Then p(AV(x))=p.(AV(X)=x)+p.(x)<p.(AV(x)—x)+
*M(a)p.(x—-/V(x))=(M(a) + 1)p.(x—-AV(x)) and consequently -V is accretive
We assume now that (-V) is accretive. Let x: D(V), A>0 and « A

Since x=x=AV(x)+iV(x) we gel p.(x)s(M(a)+1)p.(x—=2V(x)) which s
equivalent to p,.(Ax)<(M(a)+1)p.(ix--V(x)) and hence it follows that V s
dissipative O

Proposition 1.4. Let V.D(V)-» X be a linear operator. Suppose that V
is one-to-one. Then the following statements are equivalent
1. Vis dissipative (accretive).
2. (-V') is accretive (dissipative).

The proof is easy and we omit it.

Proposition 1.5. If V'-D(V)-» X is dissipative then ;I-V is one-to-one
and for every aA, there exists M(e)=0 such that

1
P =1 ) ) - Mctwap (v) forall 2>0 and y<R(/1-VI

Proof. Let x:D(V), A>0 such that ix—V(x}=0 and . A Then from the
dissipativity of V, we obtain p.(ix)=0 and hence x=0
Let y-R(AI-V) and x=(A1-V)'(y).

. |
Then p,(v) = l— P AN ‘ Myp, Gxe=17x) = Muap o)
, A ; ’
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DISSIPA TIVE AND ACCRETIVE OPFRATORS ON TOCATTY CONVEX SPACES

M(a
Finally we have p (A -17) '(v)) < —--;—)p,‘ (v). 0O

Proposition 1.6. If V.D(V) > X is accretive, then I+1V is one-to-one and
for every acA, there exists M(a)>0 such that p.((I+AV)™'(y))stM(a)+1)p.(y) for
all >0 and yeR(1+AV).

Proof. Let A>0, xeD(V) such that x+AV(x)=0 and acA. Then since Vis
accretive, we get p.(AV(x))=0 and consequently x=0. Let yeR(x+1V) and
x=(1+AV)"'(y). Then we have p.(x)spa(x+AV(x))+p.(AV(x))sply)*M(a)p.(y)=
=(M(a)+1)p(y), hence p.((I+AV) '(y)s(M(a)+1)p.(y). O

Proposition 1.7. Let V:D(V)— X be a linear operator such that D(V) = X
or R(V)cD(V). If V is dissipative then it is closable and its closure is
dissipative.

Proof. Let xeD(V). Suppose that V is dissipative and I}’ )= X. Let
2>0 and x;eD(V), €A provided that (x;, V(x:))—(0, y).

1
For each acA, p,,(/l(xﬁix))SM(a)p,,(,{x,sﬂ—V(x,,)—-;:V(x)). Since

1
lim x; =0, from the above inequality we obtain p"(x)sM(a)p,,(x—y—I V(x)), for

Sen

all .>0. Hence it follows that:
(1) Pu(X)SMopa(x—y)

for all acA.
If hy1’)= X, the inequality (1) holds for all xeX and consequently for

x=y. In conclusion p.(y)=0 for all a.cA.
Hence it follows that y=0, which means that V- is closable. Let us
assume now that R(V)c/rl"). Then ye )} ), because y=|‘im\ V(xg). Let

y.eD(V) such that lim y, = ). By using again (1) for each y; and by passing to
deN

timit over & we conclude that y=0 and consequently V is closable.

Let I:/xI") > X be its closure. Let £ e/)I’), A>0 and x,eD(V), xs;— & and

I'tx,)—> I’(¥). On the other hand for each acA, there exists M(a)>0 such that

p.Ax)sM(a)p.(Ax—V(xs)) for all 8eA, and finally it follows that
p.AE) < M(a)p (A% -1 (%)). Therefore the dissipativity of F is proved. By

proposition 1.3, the result holds also for accretive operators. O

Corollary 1.8. Let X be a Frechet space and V: X— X a linear operator
If V is dissipative (accretive) then V is continuous .
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Proof Indeed V is closed and hence continuous.

2. Resolvents and limit operators
We denote by /IX) the space of all linear and bounded operators on X

Definition 2.1. A mapping R: (0, ©)><X) is called a resolvent if
the following condition is satisfied

(2) R(A)-R(u)=(1—=2)R(A)R(u), for all the A, 11 ¢ (0, x)

Definition 2.2, Following F. Hirsch, we say that a resovent R is of type
Lo(resp. L.)Iif lim AR(A)x)=0, (resp .Alim AR(AXx)=x) forall xeX.
-0 -

Proposition 2.3. Let R.(0, «)>X) be a resoivent. The following
assertions are equivalent:

1. Ris of type Lo
:u}mtzl{(/’.)) =X, forallA e(0.x).
2. <; h) Foreacha € Athe mapping®d - X' — Rdefined by ® ,(x) = lim sup p (ARIA)X))
1\ (5 CONMnuouS.
Proof. Let us suppose that R is a resolvent of type Ly and x<X Then
x = lim{/ - AR(A))x) and hence a) hoids.
The continuity of &, is also obvious because ®,(x)=0 for all x=X.
Conversely, let /' =ixe .\'{lim AR(A)x)=0} and observe that [ = ~d '(M
A=) ao i

Since &, is continuous, F is closed. On the other hand by rearranging the
resolvent equation (2) we get for A, i €(0, =) and x- X the following equality

Y
(3) MROI N x — R x)) = A (PR X ) nRep)fx))

By using once again the continuity of &, we obtain from (3) that
im 2R(A)(x - uR(u)(x)) = 0. This means that R(/-uR(u)) -~F and consequently

F=X and the proof is complete O

Proposition 2.4. Let R/(0, x)-»4(X) be a resolvent The flollowng
assertions are equivalent

1. Risoftype L, .
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a) RIRAN = X, forall A€ (0, »).
2. {h)Foreacha € Athe mapping @, : X — R defined by ® _(x) = ‘Iim sup p, (AR(A) )

is continuous .

Proof. Let us suppose that R isa—resolvent of type L. and xeX. Then
xX= !i,'.'f AR(A) x), which proves that R(R()))= X . Moreover ®,(x)=p.(x) for all
aeA.. Conversely, let xeX and acA. We have also
P (R(AXX)) = Alp”(AR(}.)(.\')), and hence ‘Ii*nJ‘R(A)(x) = 0. It is easy to see from
(2) that A!i'.'.f AR(AR(u)x) = R(u)x) for all xeX. Because of the density of
R(R(4)) and the continuity of ¢, we conclude that AIH»AR(A)(x):x for all

xecX 0O

Definition 2.5. A /inear operator V:D(V)-»X is called a cogenerator if
there exists a resolvent R of type Lo such that

DU Y= 1ve XV ilim R(ANx)exists)  and F(x)=limR(A)x), forall x e D(V).
A - it i N

Definition 2.6. A linear operator V-D(V)—X is called a generator if there
exists a resolvent R of type L, such that NIy ={xe X E}i"‘ AAR(A)(x) - x) exisis/
ldmemr

and 1'(x) = hm 2(ZRCA)x) - a), forall x s D(V).

Proposition 2.7. Let R (0, »)-»£(X) be a resolvent of type L. and

Do X i“m ACARCG N YY) - vieuss) Then the following statements hold:

1. .\
2. The lnear operator VD »X defined by 1'(x)= lim A(AR(A)x)-x) is a
P

by r

generator and R(7)=(+1-V)™" for all ;>0.
Proof First we remark that the resolvent equation (2) can be written as
follows
AR(A)R(1)(x) -Ru)(x)=uR(2)R(u)(x)-R(%)(x)

forall 7 u- (0 s)and x:X

if we replace R(i1)(x) by y in the above equality we obtain A(AR(A)(y)-y)=
=us-R(/)y)-2R(~)(x) and by passing to the limit as %-»>x we conclude that
y=R(1)(x)::D. R{(R(p)) =D and V(R(j)(x))=pR{u)(x)-x or equivalently

(4) (tl=V)R(1)(x) = x
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But R(K(u))=X and consequently n=X

_Let xeD and u>0. Then by the definition one can wiite
R(g)V(x)= R(//)(lim AAR(A)(x) - x)) = Ah_r:\n AARAYR(1)x) - R(pa)(x))= VR pa)x) = gl i) - x .

Therefore R(n)V(x)=puR{p){x)-x. In other words we have
(5) R(y)(ul-V)(x)=x for all xeD and u>0
Looking at (4) and (5) we can state that R(u)=(ul-V)™' for all pe(0, ). O

Remark 2.8. Given a generator V.D(V)—>X there exists a unique
resolvent R:(0,0) »£1X) of type L. such that R(u)=(ul-V)™' for all ue(0, »). For

this reason we will say that V is the generator of R.

Proposition 2.9, Let R:(0, o) »>/X) be a resolvent of type L, and
D={xe X Ijmn R(A)(x) exists]. Then the following stataments hold:
1.D=X.
2. The linear operator V:D—»X defined by V(x)= 1i»mR(,1)(r) is a cogenerator
and R(A)=V(1+AV)™' for ail 2>0.

Proof. Let A, ne(0, x) and xeX. By the resolvent equation (2) it follows

that R(A)(x=puR(11)(x))=R(u)(x)-AR(A)R(u)(x) and
limR(A)(x — pR(u)(x)) = R(u)(x).

This means that R(l-uR(u))cD and

(6) V(I-uR(1))=R (1)
which is equivalent to
(7) (I+uV)(l-uR(11))=l for all n>0.

Since R(]-uR(n)) =X we conclude that ) = X Let now xeD and A, ue(0, ).

We have from (2) R(A)(x)-R(1)(x)=(1—A)R(A)R(1:)(x). By passing to the limit as
n—0 in the previous equality we get R(1)(x)-V(x)=—AR(A)V(x) which is
equivalent to the following equality

(8) (I-AR(A))(I+AV)(x)=x, for all xeD.

From (6), (7) and (8) we deduce that (/+AV) '=I-AiR(41) and
R(2)=V(1+2V)™" for all Ae(0, x) and the proof is complete. 0O

Remark 2.10. Given a cogenerator V:D(V)—>X there exists a unique
resolvent R:(0, x)—»<1X) of type Lo such that R(A)=V(I1+iV)™' for all A&(0, x)

. For this reason we will say that V is the cogenerator of R.
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3. Resolvents and potentials on .£y(X)
Definition 3.1. Set
(9) Lo(X) :={TeL(X) VaeA, IC(a)>0 VxeX p.(T(x))<Cla)p.(x)}

For each acA we define q.: -£/5(X) >R as follows:

Pa(T(x)

xeX,p(x)20;.
pox) PFEXpulD)

(10) q.(T)= mp{

Lemma 3.2. The following assertions are true:

1. q.is a seminorm for all acA.

2. Q=/q., acA} is a sufficient family of seminorms on .(5(X).

3. For each Te £o(X) and acA the following formula holds
PAT(x))<q.(T)pa(x) for all xeX.

The proof is obvious.

Lemma 3.3. /7 X is a sequentially complete locally convex space, then
(<o(X), Q) is a sequentially complete m-convex algebra.

Proof. The inequality q.(TU)sq.(T)q.(U) is a consequence of (10).
Thus, (Lo(X), Q) is a m-convex algebra.

Let now T.e Lo(X), neN be a Cauchy sequence, ¢>0, and acA. Then
there exists N(e)cN such that, for any n, m > N(e) it folows q.(T+Tm)<e, hence
PATa(x)=Tm(x))se pafx) for all xeX. This means that for each xeX the
sequence T.(x) is a Cauchy sequence in X and consequently is convergent .

Let us denote by 7(x) = lim 7,(x). Then p.(T.—T)(x)<ep.(x) for all nzN(e)
and x:X. Therefore Te Lo(X)and lim 7, =7 inLo(X) O

n—x

Example 3.4. Let X=C(R) the space of the real contiuous functions
equipped with the following family of seminarms, p, (/)= sup{|f(x).|q<n),

n=Nand feX
Let also T-X—=X be defined by the following formula

)t 0
T f)x)= !f( i, x

0 . x<0

It is clear that T is a linear operator and pa(T(f))<npa(f) for all feX and
n-N Therefore Te Lo(X) and q.(T)<n for all neN.
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Example 3.5. Let X=C(R) equipped with the same topology as above
and T-X—X be defined by the following formula

X

e ‘ 0
IO )x) = ¢ {j(!)dt x

0 , Xxs0

It is easy to prove that T is linear and pa(T(f))spa(f) for all fe X and neN. Hence
it follows that Te .£4(X) and ga(T)<1 for all neN.

Theorem 3.6. Let V:D(V)-»X be a linear operator. The following
assertions are equivalent:

1. V is the generator of a resolvent R:(0,+x)— £Lo(X) of type L. verifying that:
for every aeA, there exists M(a)>0 such that q.(AR(A))sM(a) for all A&(0, x).
a) _lTV) =X,
2. (b)Y Vis dissipatire,
\c) R(AI-1)Y=X forall A€ (0,»).

Proof It is enough to prove the dissipativity of V, because the other two
conclusions are consequences of proposition 2.7 which states that TJ')=X
and R(2)=(Al-V)™' for all Ae(0, ). Let xeD(V) and 1>0. Set y=(1/-V)(x). Then
AR(A)(y)=Ax. Let also aeA and M(a)>0 such that p,(AR(A)(y))=
=p(AX)Sq(AR(A))pu(y)sM(a)p(y)=M(a)Pa(Ax-V(X)) .

Hence it follows that for every acA, there exists M(a)>0 such that
Pu(AX)sM(a)p.(Ax=V(x)) for all xeD(V) and A=(0, =x). Therefore V is
dissipative Conversely, if V is a dissipative operator then Al-V is one to one
and by using proposition 1.5 we know that R(A)=(A-V) '€ Zo(X), for all
Ae(0, «). Moreover R:(0, o) Lo(X) is a resolvent because R(A)=R(A, V).

On the other hand we know from proposition 2.4 that R is a resolvent of
type L, and p.(AR(A)(y))sM.p.(y) for all Ae(0, =) and yeX. This means that
Qu(AR(4))sM..

in conclusion V is the generator of R ar.d the proof is complete. 0O

Corollary 3.7. Let X be a Banach space and V:D(V)—->»X a linear
operator. The following assertions are equivalent.

1. V is the generator of a resoivent R:(0,+x)—» £(X) of type L. verifying that
there exists M>1 such that [AR(A )| < M for all 1&(0, x). '

!u) TV) =X,
2. \%I)) Vis M - dissipatiw,

i(") Thereexists A, € (0,<) suchthat R(A, 1 -17)= X",
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The proof is a consequence of Theorem 3.6 and of the following
remarks.

Since X is a normed space -Lo(X)=-L(X). On the other hand, to say that
V is dissipative is equivalent to say that there exists M>0 such that,
Il < Ml(Ax - F(x )| for all xeD(V) and A&(0, ).

Moreover, in the Banach algebra -£(X), under the conditions 2.b) and
2.c) one can prove that R(AI-V)=X for all Ae(0, «).

Theorem 3.8. Let V.D(V)—»X be a linear operator. The following
assertions are equivalent:

1. V is the cogenerator of a resolvent R:(0,x)— <£o(X)} of type L, verifying that:
for every acA, there exists M(a)>0 such that q.{AR(A))sM,, for all Ae(0, ).
o) -IT(T/') =X,
2. {MVis accretive,
1(') Rl +2V)= X forall Ae().x).

Proof. Proposition 2.9. shows that /)1")=X and R(1)=V(I+1V)™ for all
22(0, »). Let ycO(V) and A>0 and x=(/+iV)(y) . Then AV(y)=AV(l+
+3 V) (x)=2R(2)(x). Let now u:=A and M(c)>0 such that q.{AR(1))sM, for all
2<(0, r) Then it follows that p.(AV(y))=p(AR(A)(x))sM.p.(x)=M.p.(y+AV(y)).
Therefore V is accretive . Conversely, from proposition 1.3 we know that
(-V) is dissipative. According to Theorem 3.6, (-V) is the generator of a
resolvent S:(0.+)-» Lo(X) of type L, . We define the following mapping R:(0,
1 1 1
«)-» Lg(X) by the formula Rrk )= )—(I—.X.\'/)-)). It is easy to see that R is a
resolvent of type L, We suppose that W:D(W)—-X is ils cogenerator. Let x«
D(W). Then H'(x)-: hm K(u)ix) = lim -—I—(,\’— -I-.\'(—l-)(.\')) =l'(x). Hence it follows
oot -l gy Mmoo
that V is the cogeneratar of R and R(4)=V(/+AV)™" for all »(0, =). Let x« X,
2:(0. r) and y=(I+;V) '(x). Let also a=A and M(u)>0 given by the accretivity
of V. We have p (AR(/)(x))=p.{~V(y))sM(a)p.ly+V(y))=M(a)p.(x) and finally
q (AR(2))sM (i) for all 1.=(0, ») and the proof i1s complete. 0O
Corollary 3.9. Let X be a Banach space and V.D(V) X a linear
operator The following assertions are equivalent:

1. Vs the cogenerator of a resolvent R0, x)-» £(X) of type L,, verifying
that there exists M>1 such that '+ R(x ji < Al for all i &(0, x).
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ayD(V)= X,
2. {b)V is M -codissipadve,
¢) There exists Ay € (0,o) suchthat R(I+A,V)= X .

The proof runs as in Corollary 3.7 because in this context R(1+\V)=X
for all Ae(0, o).

Definition 3.10. A linear operator V.D(V)—>X is called an abstract
potential if V is the cogenerator of a resolvent R:(0, x)— ./,(X) of type L, and
L. verifying that: for every aeA, there exists M(a)>0 such that q.(AR(A))sM(a)
for all A&(0, ).

Theorem 3.11. Let V:D(V)—»X be a linear operator. The folowing
assertions are equivalent.
1. Vis an abstract potential.
a)D(V)=R(V)= X,
2. {B)V isaccretive,
c) RU+AV)=X forall >0,

Proof. Suppose that V is an sbstract potential, then the equaelity
R(A)=V(1+AV)™" holds for all A>0. This means that R(R(A))=R(V). But from
proposition 2.4 it follows that R(R(L))=X and consequently R )=X
Conversely, according to theorem 3.8. V is the cogenerator of a resolvent
R:(0, ) Lo(X) of type Le such that q.(AR(1))sM(a) for all A&(0,») and xeX.

In addition the formula R()\)=V(I+AV)™' holds. Let Ae(0, o), xeX and
acA We have p,.(AR(A)(x))sM(a)p.(x) and hence p,(R(A)(x))s@p,(x),
thus ’{im R(A)(x)=0. Let us wrike aQeain the resolvemt equation

R(M)(x)-R(u)(x)=(u~A)R(L)R(u)}x). By passing to the limit as A—o= we get
{LnlkR(k)R(p)(x)= R(u)(x). On the other hand R(R(u)) = X, which shows that

li"'~ AR(L)y =y forall yeX. Therefore R is a resolvent of type L. and the proof

is complete. 0O
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Théorie de Choquet pour les contractions

Gheorghe Bucur

Sort (F, <) un espace de Riesz archimedien. On note pe E, I'esemblc des éleéments
positifs de E.
Definition. Une application linéaire I : £ = E sere nommeée contraction si pour
tout element * € £, on a
0<Tae<r

L’ensemble de toutes les contractions sur £ sera noté par K. Le cone convexe
engendré par X', c.a.d. I'ensemble des applications A : E — [ pair leaquell 4 il existe
des nombres a € R, et des contractions T sur E tels que 4 < a7, sera noté par C.

Un element A € C est appelé C-exfrémale si pour tont couple A, A” de € tel gque
A=A+ A"on a A = 2A, A" = ;1A pour certains nombres Ay dans Ry,

On remarque que Uensemble A7 est convexe et pour tout element A € C, A # 01l
existe le plus grand nombre o) € M, Lq. n(1)- 1 €KX,

Proposition 1. Pour toul lément C-extremale A € C 'd‘ment a( A)A est er-
tremale dans Uensemble concer Ko Si A est crtremale dans Ko A n'est pas lowjours
C-ertremale.

Proposition 2. Supposons que Uensemble E* des applications lindaircas ol pos-
itives aur I7 siépare les points do I Powr tout couple (r,p1) & E, < N on associe

Vapplication L., : C = Wy define par
l’(.r.u)( \) = “( ‘I)

Lensemble N ¢st un compuct conver par vapport a la lepologic la moins fine sur €
rendant contities les applications L, oo € Ig e 15

Proposition 3. Un ddemeat T € C (resp. T KN} est Coextrenale (resp. cr-
tremalc) s :I__sru[rmrnl st pour-toul element o € Fy la vostrichon do 1 a Uespace
Eri={ue ] <ar, 0 € Ry} est un ddement C-extremal (vesp. crtrcmale).
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Théoréme 4. Supposons que (E. <) est un espace de Riesz completement reticule
(on o-réticulé). Alors les éléments exremeaur de KN sonl exactement les projection de
Uespace (E, <).

Théoréme 5. Dans les conditions du théoréme { pour toute contraction T il
ezisle une mesure extremale u sur K telle que

T(z) = /A(z)dp(A).

Théoréme 8. Dans les conditions du théoréme { pour tout element X € E, il
eziste une application décroissante a -+ A,R, dans 'ensemble de points eztremeauz
de K telle que

r= /R‘ Aa(z)da.
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/
Operateurs totalement (o) - bornés

Irina Cdtuneanu

Je veux presenter dans cet travail une idde concernant I’adaptation de la
notion d operateur compact pour la situation des eSpaces lineaires ordonnés.

Le travail contient les premiéres resultats que j'ai obtenu apres la
constructions des définitions et je n‘ai pas la pretention que le sujet soit
c/puise/.

Définition 1: Soit X un espace lineaire réticulé archimedien. On dit que
I'ensemble S < X est totalement (0)-bomé si et seulement s’il existe ae X,
ainsi que (V) neN, (3) £ < X fini, ainsi que (V) x € S il existe au moins un

(v
. 1
zefﬁmnanuelx-zlS—a.
n

Définition 2: Soient X un espace lineaire ordonne/ et Y un espace lincaire
reticule’ archimedien. Un opérateur U:X — Y est totalement (o)-bome/ si et
seulement si (V) A c X ensemble (o)-bome’ = U(A) c Y est un ensemble
totalement (o)-bon¢’

Proposition 1: St X est un treillis norme et Y un espace réticule de Banach a
cone fort, alors si U:X — Y est un opérateur compact il en résulte quelest un
opérateur totalement (0)-bome’ Si X est un treillis nonne’ a cone fort
I'ensemble des opérateurs compacts et |'ensemble des opefateurs lincaires,
totalements (o)-bome’s, U:X = Y, coincident.

.. . .. /
Proposition 2: Soient X et Y des espaces lineaires ordonnes et Z un espace
lin€aire réticulé archimédien. Si U:X — Y est un opérateur régulier et ,
/
V:Y — Z un opérateur totalement (o)-borme alors VU est un operateur
/ . o /. /, - / . /q-

totalement (0)-bome. Si Y est un espace lin€aire reticule archimedien et Z est

. . . 12 . /
un espace linéaire complétement réticule, alors, si U:X — Y est un operateur
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totalement (o)-bome et V.Y - Z est un operateur reguller il en resulte que
VU est un operateur totalement (o)-bome

Proposition 3; Soient X et Y des espaces lineaires reticules archimediens.Un
opetateur lineaire U:X — Y est totelement (0)-bom¢ si et seulement si
(V) xo € X,, U([0, x0] ) est un ensemble totalement (0)-bome.

Proposition 4; Soient X un espace linaire dirige’ qui satisfait a la condition
de Rlesz et Y un espace lincaire completement réticuld. L'ensemble des
operateurs aditifs et totalement (o)-bomes U:X - Y, est un sous - espace
lineaire de R(X, Y).

Proposition §; Sment X un espace linéaire retncu]e et Y un espace lineaire
complétement réticuld et G reguher Si Urd U dans R X, Y) et

Un:X = Y est un opérateur totalement (o)-bomc (M)neN,ilen resulte que
U:X — Y un opéfateur totalement (0)-borne.
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Some C*-algebras with
Fourier-Parseval properiy

SILVIA-OTILIA CORDUNEANU

Department of Mathematics, Technical University

"Gh. Asachi” lagi

Consider a locally compact, o-compact Hausdorff abelian group G and let A
be the Haar measure on G. Let C(G) denote the C*-algebra of bounded continvous,
complex-valued functions on G.  Denote by PAP(G) the set of all pseudo almost
periodic functions on G[1].

In this paper we prove necessary and sufficient couditions such that a function in
C(G) belongs to PAP(G).

C. Zhang defines the functions of C(M) with Fouricr-Parseval property (FP. for
short) in his doctoral thesis [2]. We generalize this notion from R to the group G. We
define also a C*-algebra of functions with Fourier- Parseval property.

We demonstrate that PAP(G) is the largest among C-subalgebras of C(G) with
the I'P property.

Finally we present some other C-algebras with Fourier-Parseval property.
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ORDER HOMOMORPHISMS (1)
by Rodica-Mihaela DANET

This paper is included in my work devoted for formulating in the directed case
some notions and results valid in the lattice case (see [2] and [3]).

Here we will sec the comresponding notion concorning the ‘“Isttice-
homomorphisms™,

We use the terminology of [1].

The lattice-homomorphisms were studied in [6].

We recall that a (vector) lattice-homomarphism between two vector Iattioes 7 and
% is a lincar map 7:7 — % prescrving the lattice operations or equivalontly satisfying
the following condition: (1) T{jx|)=|T(x)} forall x €7 .

‘The extension of the notion of lattice homomorphisms is due to Z Lipecld [$] (sce
the definition below). In the sequel, 2 and ¥ are two ordered real voctor spaces, 2
being dirccted by its ordering and % being an order complete Lattice.

DEFINITION 1 A positive lincar operator T:2 — % is an order homomorphism
iff:
(2) inf {T(y)] :txsy]=|’l'(xl,fonll xeZ.
It can be proved that some lattice homomorphisms aro extremal points of a set of
lincar operators.
In [4] it is showed that this is also true for the order homomorphisms, the main
result being uscful in the extension problem. (sce also {2] and [3])

Now we can prove that the latticc homomorphisms and the order homomorphiams
have similar properties.

PROPOSITION 2 If T:2 -+ % is a positive linear operator, thon the following
statements are equivalent:

(i) Tis an order homomorphism and the infimum in (2) is reached for each x €7 ;

(ii) a) KerT = (KerT )X, —(KerT )%, ;

b) T(Z4) = {T(x), Ix €7}
COROLLARY 3 If T is as in thc proposition above and in addition it is “onto”,
then the following statements are cquivalent:
(i) T is an order homomorphism and the infimum #n (2) is reachod foreach x € 7',
(i) T(2,)=1, .

REMARK 4 Note that the condition (ii) b) in PROPOSITION 2 is automatically

satisfied in the casc ¥ =R. But the condition ii) a) is not implied by the single
assumption that T is an order homomorphism even for 7 Archimedean and =R .
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Indeed, let 2 be the vector space of all reat polynomials regarded as functions on
|-1,1], with the pointwise ordeting, Define T< £ (Z,R) by T(0) = {(0). It follows
from the Weierstrass theorem that T is a lattice homomorphism. Nevertheless if g <4
and 1 x < p(x) forall x o[- L1, then g(0) >0,

In the sequel we use the following notion of ideal in a directed vector space Z.

DEVINITION § A linear subspace G C % i8 an ideal (or a normal subspace) i it

is a solid set, that is:

1]
(2
B3]
4

(5]
(6]

(S forall xeGN, =[-x,x]CG:

(8y) for all xeG, therc exists y eGNZ, so that x €[-y,y];
or cquivalently

(NS) forall xeG and ye? suchthat Ay DAy = ye€G,
where Ay denotes the set {ze®, |+ z<x}.

We also use the following notion of orthogonality.

DEFINITION 6 The elements x,, X, of % are orthogonal if inﬂA,(l ) sz )=0.

THEOREM 7 If T is an order homomorphism onto % then:

1) T(Z,) =%

2) If T'is in addition one to one and x,, X, are two orthogonal clements of ¥. then
T(Xl )J-T(xz) in%,

3) Ker?'is an ideal of 2.
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CLASSICAL EXTRAPOLATION PROBLEM
FOR FUNCTIONS OF SEVERAL VARIABLES

Lumini¢a Lemnete Ninulescu

In this note, we give a necessary condition such that a prescribed finite sequence of
complex numbers are the coelficients in the Taylor's expansion of an analytic function of
several variables with values in the unit disc.

The problem is the lollowing: Let {a,}5:,. a, €C, VaeN", a=(a,,...a,) be
i n-multiindex, n>1. Determine a necessary condition such that there exists a function
S, =zeC g l< VY I<isny a8, cD, Fe((D,) with the coefficients in the
"aylor's expansion the given numbers {a, )5,

The condition is that the Toeplilz operator associated to the solution of the problem
D COFeS hasthe norm || 7.1 1.(S, = {f:D, > C, f e(X(D,),

Ll = suplf ()< 1.

To solve this problem, let H2 be the Hardy space ol analytic functions f on D" for

which [jf1],,: = sup r flj(r,e ,r"eia')ldal...d0,<0. H? s a

Var <l 1sksn (2 x)"
Hilbert space included in /2. For the solution /- of the problem, let the Toeplitz operator

G = l',i,l(: I'Ii is the orthogonal projection of I? onto H?. We have proved that if the

solution /" exists, then || 7, ]|z 1.
Lteferences
M. Bakonyr and T. Constantinescu, Shur's algorithm and several applications, Pitman

Ilescarch Notes in Math. Series, 1991.

I.S. Krantz, Complex Analysis in several variables.
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Two Moment Problems in a Space of Radon
Measures

Octav Olteann

We apply theorem 4[5, p.741] (or theorem 2.1. {6, p.513]) to some moment
problems in the space X = (C[a,}])" of all Radon measures on [a,}], where
0<a< bl

X4+ will be the usual cone of all positive Radon measures. If 4 € X and
h € L'([a,b)]), we shall denote by h(t)u the measure defined by (h(t)u)(z) :=
u(hz), Vz € C([a,b]). By dt we denote the Lebesque measure on [a, 8].

Theorem 1. Let X, X4 be as above. We denote by v; the ineasure U/dt, j €
N, t € [a,b]. Let {p; : j € N} be a sequence in X. We consider the following
assertions:

(a) there existe f € L(X,X), such that f(v;) = u; Vi € N and 1 < f(p) <
p Vu€e Xy,

(b)) Vn €N, V{Xo,...,A.} C R, V:zg(Cla.b])y, we have:

ZAJ#J(Z)< sup [EA / tx(t)d ]+n<in£ [zn:,\,/.l”'y(l)d!]
; <y<: j=o a

(c) ¥j € N, there exists h; € '(la,b]) such that y; = h;dt and ¥+ <
hi(t) €/ —(dt) a.e. in [a,8]. Then (b) & (a) = (c) hold.

Theorem 2. Let X, X, be as above, et {r; : j € J} C [a,] C [0.1] and
let us denote by ¢,, the corresponding Dirac measures. Let {y; : j€ J) C X.
The following assertions are equivalent:

(a) there exists f € L(.X, X) such that f(e,)) =p; Vj€ Jandliu < f(p) <
B Vp€ Xy

(b) VF C J, F finite subset, V{}; : j € F} C R, we have

E Ajpi(2) < uup (Z ,\,-.r(r,-)) +Oi'y||;z (Z X,-r,y(r,—)) ¥: € (Cla, b))y
=TT \jerF

JEF 0gsg JEF

(c)Heaj:jE€J}CR, 0<r;<a; <], suchthat y; = aje,, Vj€J.
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REPRESENTATIONS ASSOCIATED WITH POSITIVE DEFINITE
MEASURES ON HYPERGROUPS

LILIANA PAVEL

In this paper we construct and study the representation aasociated with a positive
definite measure on a hypergroup.

Hypergroups are locally compact spaces, whose regular complex Borel measures
form an algebra which has properties similar to the convolution algebra (M(G), +) of
a locally compact group. We shall denote by C.(K) the set of continuous functions
with compact support on K and by M(K), the bounded regular Borel measures on
K

A measure i € M(K) is called positive definite on the hypergroup X if

JIerduzo, ¥ fecx.
Proposition. Let 1 € M(K) positive definite measure. Then,

/0:-[ . [ w0dp < ||a||2/ faf"du, VO€M(K), V[ eC(K).
K K

For p € M(K) positive definite measure, we construct the associated representa-
tion 7). One regards C.(K) as a subalgebra of L'(K). By the previous Proposition,
NUK)={f € CAK) | [x [ = [ dp =0} is a left ideal in C.(K), s0o we obtain an
inner product space (H,’(K) , <, >,) with H,(K) = C.(K)/N,(K) and

<10} = [ S e dp

We set || f ||, =< {/},1/] >,%. for [f] € H,°(K) and denote by H,(K) the Hilbert
space which is obtained from M, ’(K') by completion with respect to || - .
For each arbitrary z € K we consider the operator W N2 (K) — H2(K) by
TO(f)) = (6. % ], VIf] € H2(K). It follows that
< TP ol >u= [T o) >, dv()

is a representation of K, called the representation associated to the positive definite
measure /.

1991 Mathematics Subject Classification. 43A62, 43A65, 43A35.
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LILIANA PAVEL

In {2], F. Greenleaf and M. Moskowitz, using the theory of operator algebias. have
proved that for & a second countable locally compact group, 7 is cyclic (where 4/
is an arbitrary positive definite measure on (7). They have obtained the following
result in the theory of W*-algebras : if A is a W'-algebra on a separable Hilliert
space H such that there exists a sequence {&,}n, C M which is assymptotically cyclic,
then there is a cyclic vector in M. By considering A = {T" |z € ¢} = {'I'](") | f €
C.(G)}", they have remarked by setting £, = le,] (where {e,}, is the standnid
approximate identity of '(A)) that A has the properties required, so 7 is cyclic.

In order to do the same for the algebra K = {1/ |z € K}" = {'l'}") | f € CAK)}.
where K is a second conuntable hypergroup, we first have to observe that K is a H'*-
algebra on a separable Hilbert space. Second, by taking into account that 3{l/,},
is a countable decreasing basis of compact neighbourhoods of e, one can construct a
standard type countable approximate identity of L'(K) (e}, = €n. €, € C.(K), €0 > 0,
leallh = 1. supp e, C UV,). Tt is easily seen that ([ * e, — f)* (f # ¢, ~ f)* converges
to 0 in the inductive limit topology. The following lemma states the existence of an
assymptutically evelic sequence.

Lemma. let {{.}. ¢ M,(K), & = [e.]. Then, Y € H,(K), there exist the
vperators { A, }, < K such that

“-'Llfn - 6”11 - 0.

With the aliove, we have justified that, like in the group rase, the next result holds:
Theoreni. Let y1 be any pusitive definite measure on a second countable hyper-
gronp. Then, the associated representation 1) has a cvelic vector,
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NEM RESULTS ON PARETO EFFICIENCY IN SEPARATED LOCALLY CONVEX SPACES

Vasile Postolica

Romanian Academy of Scientists
BacBu State University

Department ofMathematical Sciences

This research paper is devoted to recent results on Pareto efficiency
in Hausdorff locally convex spaces,that is,in the framework vector ]
with unknown geometries.Firstly,we present general new properties which
illustrate immediate links between Strong Optimization and Vector Optimisation
and a dual characterization.Afterwards we offer pertinent examples and
significant remarks on supernormal cones and we present our main results
concerning recent properties of efficient points using (weak) supernormal
cones and (weak) completeness instead of compactness.Finally,we give some
considerations concerning the best approximation simultaneous and vectorial
in H-locally convex spaces as particular cases ofgeneral vectorial
optimization problems.
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GENERALIZED BERNSTEIN OPERATORS AND LIPSCHITZ
CLASSES

I. Raga, T. Viadislav

For some generalized Bernstein operators B, there exists ¢ = ¢(a) > 1 such that
Bn(Lip,a) C Lip.a, n>l1.

Recent results of this type have been obtained by Y.Y. Feng [1] and F. Chen {2], [3].
Particularly important for applications is the case when the operators B, are
associated to an Altomare projection and when ¢ = 1; this case has been investigated
by the authors [4].
We shall present some results in this context, related to those contained in {1}--[4].
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Espaces veetonels ordonnes satisfwisant la condition (C)
(axiome de Cantor)

par Timofle Vlad-Teodor, Université de Bucarest

Dans cet exposé, on présente des conditions en présence de lesquelles, un
cspace vecloriel ordonné, muni d’une topologie linéaire et vérifiant la condition de
Riesz , satisfait aussi I"axiome de Cantor.

Définitions

Soit X un espace vectoriel ordonné et Y un sous - ensemble de X . Alors:
[. Pour une topologie linéure T sur X, Y salisfait Ja condition:

1.C(1) & Chaque suite pénéralisée monotone, (o)-bomée de Y, admet une
sous-suite géndralisée t-convergente en Y.

2.C5(r) > Chaque suite monotone, (0)-bomée de Y , admet une sous-
suite 1-convergentc en Y.

IL. Pour t et ¢ topologies linéaires sur X Y satistast la condition:

1. C(r,) <> Chaque suite gendralisée  monotone, (0)- bomée et t-Cauchy
de Y, admet une sous-suite pénéralisée y, - convergente en Y.

2. Cy(ryy) o> Chaque suite monotone, (0)- bomée et t-Cauchy de Y,
admet une sous-suite ¥ - convergente en Y.

Theéoreme 1.

Soit X un espace vectoriel ordonné . muni d'une topologie linéaire Hausdorft
T et vérifiant une des hypotheses suivantes :

1. X . satisfait Ja condition C(r) .

2 X est suflisante, X < X' et X. satisfait la condition C(6,5)

(o élant la lopologic faible sw X).

3. X est sulMisante et chague (0) - segment de X est faiblement compact.

Alors: X satisfait la condition de Riesz & X satisfait la condition (C)
Théoreme 2.

Soit X un espace vectoriel ordonné, muni d'une topologie lincaire HausdorfF <,
d'une fonctionelle réele strictement croissante sur X, et vérifiant une des
hypothéses suivantes:

1. X, satisfait la condition Cg ().

2. X estsuffisante, X | o X" et X, satisfait la condition Cy(6,6).

3 X, ecst suffisante ct chaque (0) -scgment de X est sequentic! faiblement
compuct.

Alors: X satisfait la condition de Riesz <= X satisfait Ja condition (C).
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Théoréme 3.

Soit X un espace vectoriel ordonné, muni d’une topologie linéaire Hausdorff 1,
admettant une base t-bornée d'éléments positifs et vérifinnt une des hypothéses
suivantes:

1. X | est suffisante et X, satisfait Ja condition Cg(t,0) .

2 X, satisfait la condition Cy(x,7).

Alors: X satisfait la condition de Riesz <> X satisfait la condition (C) .

Soit X un espace vectoriel dirigé, muni d*une topologie localement convexe et
Y. un espace localement convexe, Y. satisfnisant la condition C(t) et X vériflant
uno des hypothéses suivantes :

1. X est tonnelé.

2. X est infratonnelé et satisfait la condition (S).

3. X est (0) -infratonnclé.

4. X est barillé (voir la note).

Alors: £ (X.Y) satisfait la condition de Riesz <> £ (X,Y) satisfait la condition (C).

Théoréme 3,

Soit X un espace vectoriel dirigé, muni d’une topologie localement convexs t et
vérifiant une des hypothéses suivantes:
1. X est tonnelé.
. X est miratonnelé et satistfait la condition (S).
. X cst (o) -infratonnelé.
. X est barillé.
X satislait ta condition C(o”,0%) (0'=0(X: ,X)).
. X, est muni d’une fonctionelle réele strictement croissante sur (X, ), et

‘- N

[= JRV A 2

satisfait la condition Cs(a’,0").

7. X cst fuiblement séharable ¢t X | satisfait la condition Cg(c’,0°).

. X admect un élément axial ct X satisfait la condition Cg(c”,0°).

9. X admect un élément axial, X | est suffisante ct satisfait la condition Cg(u",0%)
(0" =p(X [, X) est la topologie de Mackey sur X ).

=]

10. ¥, <@, X ost suffisante ct satisfait la condition Cy(B°,0") (B*=p(X; X)
est [a topologie forle sur X).

Alors: X | satisfait la condition de Ricsz <> X | satisfait la condition (C).

Note. X est barillé <>Chaque sous-cnscmble barillé W(i.e. W est ahsorbant,
balancé, convexe ct conticnt le (0)-scgment [o0,x] pour chaque élément x de W) de
X est un voisinage de origine en X.
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INEQUALITIES OF HORN AND KY FAN TYTE

NICOLAE TITA
"Transilvanka" University of Brasov
Department of Mathematics

If TeL(H) is compact,where H is a separable Hilbert space, are well
known the inequalities:

() 3 w(5+T)¢ >'::(s.(S) +8(T)) k=1,2.3, .

(1) 3 s(ST) ¢ 3 s(S) - slD)
(8(T) = A (TT’)‘E, ()\,.)) 1s the sequence of the eigenvalues of (TT ")‘E
convenent ordered).

Since s,(T) coincides with a,(T)=mnf {1T- Ky : K¢ L(H), dim K< n }
we remark that the above results can be extended to an operator Te L(X)
where X is a Banach space.

Now are well known the inequalities :

(1) 2 e (S*T) ¢ 2:2:(&. (S)+a. (M), k=1.23....

(®) z a(ST) ¢ 23 au(S)a(D)
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If the following we consider (X,1.n) a normed Abelian group and let
S be a subgroup of X. On S we consider an other normu.\”

For all f¢ X , the functions E (t,f) are defmed as follows:

E(t,t):=inf§ ifgil:geS, wgi<t], teR..

Remark. If X=L (H) and S=FL (H) (the set of all finite rank
operators, l Th; dim T),
E (n,T) = a, (T), where T € L(H).

Proposition 1. The functions E (t,f) verify the inequalities:

(a7) SdE (tf + B)dt< 2 Sd (E (t.6)) + E(t,£)) dt, «¢R..

If (X,0)is a normed ring; S is asubring and  |{fy f\ <iy-nfyl; g

& ¥ .-
114y BAE max (bgal g 1t results:

Proposition 2. The {unctions E( t,f) verify the inequalities
oL "
®) ( B fef)die2 (B 6). B B)dt,  acR.

[}

rop=

_— L
Letbe A ng OO0 ={fe X: ( § @7 E(t. D) ¥ <~}  This is an
{

o
o L v

approximation space, quasi-normed by 'l'wmtti (t' hisct, {))7'&{')"; Mpge 04 o
Let B: X x X — X be a bilmiar and bounded operator.
I 1s of interest to know 1t the induced operator B: Ao (X) x Ay (X)
Apq (X) 18 also bounded. The reponses is not (for all p,q < (0,)). But is

true that B: Aga (X)x Aq(X)» Ayq(X) is bounded (0 <q <w).
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FIXED POINTS FOR MULTIVALUED MAPPINGS

Flonca Voicu

Let X and Y two set. A multivalued mapping ( briefly, m- mapping )
defined an X with values in Y is a mapping T:X—P(Y). We denote this
mapping by T: X—o Y.

Definition 1.Let T: X—oX be a m - mapping.

Then by definition an element xe X is a fixed point of T if xe T(x).
We denote by Fix(T) the fixed points set.

Definition 2. Let T:X——Y be a m- mapping.

A sigle valued mapping s:X—Y is called a selection of T if s(x)eT(x) for
all xeX.

We suppose that X is a complete vector lattice and Z a non-empty set.
Considenng that d:Z « Z—>X. is a vector metric we denote by

S(A)=sup { d (a,b)/ a,beA}, AePnZ)

8(A,B):=sup{ d (a,b)/ acA. beB}, ABepP(7)

D(A,B)=mnf{d(a,b)/ ae A, beB},A Be #(Z)

H(A,B).=sup{D(a,b)/ ae A} vsup{D(b,A)beB} A Bevva(7)

LEMMALI Let A Be®na(Z).Then if g>1, then for every ae A there exist
beB such that d(a,.b)< qH(A,B).

THEOREMI Let X a complete vector lattice, 7= sequential
d- complete, T:Z—>#wu(Z) a m -mapping, for which there exist ae[0.1]
such that:
H (T(x), T(v))< a d(x,y) for all x,y €Z.
Then T has a fixed point.

LEMMA 2 Let Z=® sequential d - complete,Ae £ (7). Then for every
x€eZ and 0<q<l1, there exist ae A such that: q8(x,A)< d(x,A).

THEOREM 2 Let X a complete vector lattice, Z#®d scquential
d- complete and T:Z—Pw(Z) a m- mapping for which there exist

a.B.yeR., a+p+y<l such that

§(T(x),T(y))<a d(x,y)+B8(x,T(x))+¥&(y,T(y)) for all x,yeZ.
Then T has a unique fixed point x* and f(x*)={x*}.
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THEOREM 3 Let X a complete vector lattice,Z=® sequential
d- complete and T:Z—9 4 (Z) be m- mapping for which there exist

a,p,yeR. a+p+y< Isuch that:

H(T(x), T(y))s @ d(x,y)}+BD(x,T(x)+yD(y,T(y)) for all x,yeZ.
Then T has at least a fixed point.
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TRAVAUX DU SEMINAIRE

Années universitaires 1994-1997

L.Bucur
» Extension maximale des espaces réticulés.

R.Cristescu

» Espaces linéaires réticulés en dualité.

« Sur le prolongement des opérateurs linéaires et positifs.

o Certains aspects de la théorie des opérateurs linéaires dans les espaces lindaires
ordonnées.

« Lc¢ prolongement des opérateurs positifs délinis sur des sous-cspaces d’un espace
lindaire dirigé.

A.Duma

« Sur certaines equations opératoriclles dans les espaces de Banach ordonnés.
» Structures d’ordre dans la Phisique mathématique.

o La théorie du degré topologique.

W.Farkas
¢ Sur certains théoréme d’immersion.
o Sur certains espaces de fonclions.

G.Moldoveanu

o Sur le prolongement de certains opérateurs positifs,

o Théorémes d’approximation dans les espaces lin¢aires ordonnés.
» Sur certains espaces de Banach ordonnds.

C.Niculescu
« Thdéorie ergordique.
o Sur la récurrence uniforme et le chaos.

¢ Le chaos dans la présence d'un ohservable.

G.Piltineanu et D.T.Vuza
» Géndralisation du théoréme d’interpolation.

N.Popa
& Espaces de Hardy dyadiques.
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V. Ritdulescu
¢ Problémes elliptiques non-linéaires.

L. Sporis

¢ Opératcurs precompacts positifs.

o Opérateurs linéaires positifs sur des spaces ordonnées localement convexes.
o Théorémes de type Korovkin.

V.Timofte

o Sur certains classe de fonctions définies dans un espace linéaire topologique.
o Sur certaine classe d’espaces linéaires ordonnés topologiques de fonctions.

» Espaces linéaires ordonnées satisfaisant 4 la condition de Cantor.

M.Voicu
o Opérateurs accrétifs et résolvants sur des espaces localement convexes.
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ACADEMIE ROUMAINE

SECTION DES SCIENCES MATHEMATIQUES

XVI®™ Colloque

ESPACES LINEAIRES

ORDONNES TOPOLOGIQUES

Sinaia, 24-26 Juin 1997
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COMITE D'ORGANISATION

Président
Acad. Romulus Cristescu

Membres
Constantin Niculescu
Gavril Piltineanu
Nicolae Popa

Mihai Voicu

Dan Tudor Vuza

Secrétaires
Nicolae Diney
Marinicd Gavrila

Les travaux du Colloque (24-26 Juin 1997) ont lieu a Sinaia, Boul. Carpati 36.

Le colloque est supporté partiellement par S.C.Hidroconstrucjia S.A.

PROGRAMME DES TRAVAUX

Mardi 24 Juin
Communications

» Romulus Cristescu (Bucarest) - Espaces ordonnés localement convexes et opérateurs
linéaires continus.

» Richard Becker (Paris) - Un nouvel outil en Théorie dc la Représentation Intégrale.

« Mihai Voicu (Bucarest) - Semigroups on locally convex spaces.

« Dan Tudor Vuza (Bucarest) et U.Amato (Napoli) - Une démonstration alternative
pour un théoreme sur I’optimalité asymplotique de certains estimateurs.

« M.Gavrila (Bucarest) - Points-extrémaux dans les espaces Bloch B (X).

« V.Postolica (Piatra Neam{) - New results on Pareto efficicncy in separated locally
convex spaces.

« 1.Rasa (Cluj) et T.Vladislav (Petrosani) - Generalized Bernstein operators and
Lipschitz classes.

« N.Dinet (Bucarest) - The space of regular operators.

. V.Timofte (Bucarest) - Espaces ordonnés satisfaisant a I'axiome de Cantor.
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Mercredi 28 Juin
Communications

o Nicolae Popa (Bucarest) - Duals of dyadic Hardy spaces.

+ Gheorghe Bucur (Bucarest) - Choguet theory for contraction theory.

o Constantin Niculescu (Craiova) - Connections hetween probability theory and
approximation theory.

« 0.Olteanu (Bucarest) - Two moment problems in a space of Radon measures.

¢ Rodica-Mihaela Diinet (Bucarest) - Order homomorphisms.

» Liliana Pavel (Bucarest) - Represcntations associated with positive definite measures
on hypergroups.

» Irina Ciituneanu (Ploiesti) - Opérateurs totalement (0)-bornés.

Jeudi 26 Juin
Communications

» Florica Voicu (Bucarest) -Points fixes pour opérateurs multiformes.

 N.Tita (Bragov) - Sur certaines inégalités de type Horn et Ky Fan pour s-nombres
généraliscs,

¢ lleana Bucur (Bucarest) - Some more about Riemann-Stieltjes integral.

« Ligia-Adriana Sporig (Constania) - On some approximation processes.

» Luminita Lemnete Ninulescu (Bucarest) - Classical extrapolation problem for
functions ol several variables,

o Silvia-Otilia Corduneanu (lasi) - Some C*-algebras with Fourier-Parseval property.
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